Hadron Collider Tests of Neutrino Mass-Generating Mechanisms by Ruiz, Richard E.
ar
X
iv
:1
50
9.
06
37
5v
1 
 [h
ep
-p
h]
  2
1 S
ep
 20
15
HADRON COLLIDER TESTS OF NEUTRINO
MASS-GENERATING MECHANISMS
by
Richard Efrain Ruiz
B.S. in Mathematics, University of Chicago, 2010
B.A. (Honors) in Physics, University of Chicago, 2010
M.S. in Physics (Particle Theory and Collider Phenomenology),
University of Wisconsin - Madison, 2012
Submitted to the Graduate Faculty of
the Kenneth P. Dietrich School of Arts and Sciences
in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
University of Pittsburgh
2015
UNIVERSITY OF PITTSBURGH
KENNETH P. DIETRICH SCHOOL OF ARTS AND SCIENCES
This dissertation was presented
by
Richard Efrain Ruiz
It was defended on
April 24, 2015
and approved by
Tao Han, Ph.D., Distinguished Professor, University of Pittsburgh
Ayres Freitas, Ph.D., Associate Professor, University of Pittsburgh
Richard Holman, Ph.D., Professor, Carnegie Mellon University
Arthur Kosowsky, Ph.D., Professor, University of Pittsburgh
Vladimir Savinov, Ph.D., Professor, University of Pittsburgh
Dissertation Director: Tao Han, Ph.D., Distinguished Professor, University of Pittsburgh
ii
c©
iii
HADRON COLLIDER TESTS OF NEUTRINO
MASS-GENERATING MECHANISMS
Richard Efrain Ruiz, PhD
University of Pittsburgh, 2015
The Standard Model of particle physics (SM) is presently the best description of nature at small
distances and high energies. However, with tiny but nonzero neutrino masses, a Higgs boson mass
unstable under radiative corrections, and little guidance on understanding the hierarchy of fermion
masses, the SM remains an unsatisfactory description of nature. Well-motivated scenarios that
resolve these issues exist but also predict extended gauge (e.g., Left-Right Symmetric Models),
scalar (e.g., Supersymmetry), and/or fermion sectors (e.g., Seesaw Models). Hence, discovering
such new states would have far-reaching implications.
After reviewing basic tenets of the SM and collider physics, several beyond the SM (BSM)
scenarios that alleviate these shortcomings are investigated. Emphasis is placed on the production
of a heavy Majorana neutrinos at hadron colliders in the context of low-energy, effective theories
that simultaneously explain the origin of neutrino masses and their smallness compared to other
elementary fermions, the so-called Seesaw Mechanisms. As probes of new physics, rare top quark
decays to Higgs bosons in the context of the SM, the Types I and II Two Higgs Doublet Model
(2HDM), and the semi-model independent framework of Effective Field Theory (EFT) have also
been investigated. Observation prospects and discovery potentials of these models at current and
future collider experiments are quantified.
Keywords: Hadron Colliders, Seesaw Mechanisms, Neutrino Physics, Collider Phenomenology.
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1.0 THE STANDARD MODEL OF PARTICLE PHYSICS
1.1 INTRODUCTION
The Standard Model of Particle Physics (SM) is the quantum field theoretic model that, to date,
best describes the interactions matter at small distances and large energies. Though incredibly
successful, as we will discuss later, the SM does remain an incomplete description of nature. Before
studying the particle content and forces of the SM, we begin by first considering what lies at the
heart of the SM and physics in general: symmetries.
1.2 SYMMETRIES
A symmetry exists when a quantity, for example: linear momentum or electric charge, does not
change (remains invariant) while a system undergoes a transformation, such as a spatial translation
or a local U(1) phase shifts. Here we discuss continuous, both global and local, symmetries,
emphasizing along the way the consequences of their spontaneous breakdown.
The spontaneous breakdown of a symmetry through the acquiring of a nonzero vacuum expec-
tation value, or vev, by a scalar field is an interesting topic with subtle consequences. Typically in
Quantum Field Theories (QFT), expectation values of fields, both bosonic and fermionic, are zero:
〈0|φ(x), ψ(x), Aµ(x)|0〉 = 0. (1.1)
As fermions and vector bosons are nontrivial representations of the Lorentz group, they carry
spinor and Lorentz indices. A nonzero vev for these fields would imply that the vacuum itself
carries corresponding indices, indicating a preferred state, thereby breaking Lorentz invariance.
Scalars, on the other hand, being trivial representations of the Lorentz group, whether elementary
or composite, are allowed to form a condensate and acquire a nonzero vev without violating Lorentz
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invariance. However, whatever symmetries that are respected by scalars before acquiring a vev are
not guaranteed to be preserved.
We now consider our first case study: continuous global symmetries.
1.3 CONTINUOUS SYMMETRIES I: GLOBAL SYMMETRIES
Global continuous symmetries are transformations that remain independent of spacetime coordi-
nates. A familiar example intrinsic to all quantum mechanical processes is the invariance to an
overall phase shift of the amplitude that leaves the physical probability density unchanged1:
M → M′ = e−iθM, θ ∈ [0, 2π) (1.2)
|M|2 → |M′|2 = |M|2 (1.3)
Though moving the amplitude M along the edge of a circle in the complex plane, such phase
shifts are unobservable. Since the rotation holds for an arbitrary angle, it holds for all angles. The
collection of all such transformation is the multiplicative group U(1):
U(1) = {eiθ|θ ∈ [0, 2π)} (1.4)
For infinitesimal rotations, we have
U(1) = 1 + iθ (1.5)
The spacetime independence of θ means that ∂µ exp[iθ] = 0. Hence, we say that physical probabil-
ities derived from quantum mechanical amplitudes are symmetric (or invariant) under global U(1)
symmetries (or transformations).
We study global symmetries by considering a Lagrangian density, or Lagrangian for short, at
dimension-four consisting of both a Dirac fermion ψ and a complex scalar φ:
L = ψi/∂ψ + (∂µφ∗)∂µφ−mψψψ −m2φφ∗φ− λ(φ∗φ)2. (1.6)
Rotating ψ and φ under the same global U(1) transformations
ψ → ψ′ = U †ψ = e−iθψ, φ→ φ′ = U †φ = e−iθφ, (1.7)
1Throughout this text we employ active transformations U−1 = e−iθ, which differs from some texts, e.g., Pe-
skin & Schroeder [6], which use passive transformations.
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it is self-evident that Eq. (1.6) remains unchanged. Global symmetries, however, are not limited to
simple Abelian transformations. Suppose that our ψ and φ fields were instead multiplets under a
larger group, e.g., were in the fundamental representation of SU(n) or U(n):
ψT = (ψi . . . ψn), for SU(n) or U(n) (1.8)
φT = (φi . . . φn), for SU(n) or U(n). (1.9)
The infinitesimal transformations now behave as
U † = e−iθ = 1− iθ ≡ 1− iθaT a, a = 1, . . . , n, (1.10)
where T a denotes the generators of SU(n) or U(n) and θa are the linearly independent, infinitesimal
rotations in the space of our group’s fundamental representation. As global (and local) transfor-
mations acting on scalars and fermions are unitary, i.e., U−1 = U †, we have
U−1 = e−iθ
aTa = U † =
(
eiθ
aTa
)†
= e−iθ
a∗Ta† , (1.11)
implying that the generator and its adjoint are related by the expression
θaT a = θa∗T a†. (1.12)
However, generators of physical transformations are Hermitian, and so θa must be real:
0 = θaT a − θa∗T a† = T a(θa − θa∗) =⇒ θa = θa∗. (1.13)
Despite the complication of non-Abelian groups, our Lagrangian remains unchanged under infinites-
imal rotations
L → L′ = ψ′i/∂ψ′ + (∂µφ′†)∂µφ′ −mψψ′ψ′ −m2φφ′†φ′ − λ(φ′†φ′)2 (1.14)
= ψUi/∂(U †ψ) + [∂µ(φ†U)]U †∂µφ
− mψψUU †ψ′ −m2φφ†UU †φ− λ(φ†UU †φ′)2 (1.15)
= L. (1.16)
1.3.1 Spontaneously Broken Global Symmetries
On our yellow brick road toward the emerald city of spontaneously broken gauge theories, we come
across the related case of spontaneously broken global symmetries. Though sharing many mechanics
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with broken local transformations, the phenomenological outcomes radically differ. Consider the
interacting theory of a complex scalar and a massive vector boson ρ
L = (∂µφ)∗∂µφ− 1
4
ρµνρµν − 1
2
M2ρρµρ
µ −m2φφ∗φ− λ(φ∗φ)2 − gρφ∗φρµρµ, (1.17)
where the field strength ρµν is
ρµν = ∂µρν − ∂νρµ. (1.18)
The theory is invariant under global U(1) transformations of φ. Inspecting the scalar potential
V (φ∗φ) = m2φ(φ
∗φ) + λ(φ∗φ)2 + gρφ∗φρµρµ, (1.19)
one sees that it is simply a quadratic function in (φ∗φ) with coefficients m2φ and λ. We ignore the
contribution of ρµ as minima of vector fields must be zero to preserve Lorentz invariance. Potentials
must also be bounded from below in order to bar tunneling to a state with infinite energy, so we
require λ > 0. For m2φ > 0, the potential’s minimum is zero at the origin
∂V
∂φ
∣∣∣∣∣
min
=
∂V
∂(φ∗φ)
∂(φ∗φ)
∂φ
∣∣∣∣∣
min
(1.20)
=
(
m2φ + 2λ(φ
∗φ)
)
φ∗
∣∣∣
min
= 0 =⇒ φ∗(x)
∣∣∣
min
= 0 (1.21)
∂V
∂φ∗
∣∣∣∣∣
min
=
(
m2φ + 2λ(φ
∗φ)
)
φ
∣∣∣
min
= 0 =⇒ φ(x)
∣∣∣
min
= 0 (1.22)
However, curiously, when m2φ < 0, we discover a global minimum away from the origin
∂V
∂φ
∣∣∣∣∣
extrema
=
(
−|m2φ|+ 2λ(φ∗φ)
)
φ∗
∣∣∣
extrema
=⇒ φ∗(x)
∣∣∣
extrema
= 0,
√
|mφ|2
2λ
(1.23)
∂V
∂φ∗
∣∣∣∣∣
extrema
=
(
−|m2φ|+ 2λ(φ∗φ)
)
φ
∣∣∣
extrema
=⇒ φ(x)
∣∣∣
extrema
= 0,
√
|mφ|2
2λ
(1.24)
That is to say, the scalar φ possesses a nonzero vacuum expectation value (vev) given by
〈φ〉 ≡ v√
2
=
√
|m2φ|
2λ
> 0 =⇒ v =
√
2〈φ〉 =
√
|m2φ|
λ
> 0. (1.25)
The factor of
√
2 accounts for the normalization of φ as it can be expanded in terms of its real and
imaginary components, φ = (ℜ(φ) + iℑ(φ))/√2. Following this convention the kinetic term of φ
results in properly normalized kinetic terms for ℜ(φ) and ℑ(φ).
We explore the consequences of quadratic (in φ∗φ) potential V and, effectively, the tachyonic
mass mφ by considering small perturbations of φ around v. We justify this by counting the degrees
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of freedom (states) in the theory before φ acquires a vev: two from the complex field φ and three
from ρ (two transverse and one longitudinal polarization). Whether or not φ(x) is in a particular
location, minimum or elsewhere, should not change the total number of physical states in the theory.
So while their manifestations may depend on dynamics and momentum transfer scales, we expect
to always have five physical states in our model. The seemingly missing degrees can be traced back
to φ. As fields with zero vevs, e.g., ρ, are fluctuations about classical minima, we should expect to
have fluctuations around 〈φ〉. Therefore, expanding φ about its vev we have
φ→ φ ≈ v + h+ ia√
2
, 〈h〉 = 〈a〉 = 0, (1.26)
where h and a are real scalar fields with zero vevs. In passing, we note that the purely imaginary
nature of ia implies that its interactions are odd under charge conjugation unlike h, which is C-even.
Making the replacement, we see explicitly
L → L′ = 1
2
∂µ(v + h+ ia)∗∂µ(v + h+ ia) +
|mφ|2
2
(v + h+ ia)∗(v + h+ ia)− 1
2
M2ρρµρ
µ
− λ
4
((v + h+ ia)∗(v + h+ ia))2 − gρρµρµ(v + h+ ia)∗(v + h+ ia) (1.27)
=
1
2
∂µh∂µh+
1
2
∂µa∂µa+
|m2φ|
2
(v2 + 2vh+ h2 + a2)− 1
2
M2ρρµρ
µ
− λ
4
(v4 + 4v3h+ 6v2h2 + 2v2a2 + 4vh3 + h4 + 2h2a2 + 4vha2 + a4)
− gρ
2
ρµρ
µ(v2 + 2vh+ h2 + a2) (1.28)
Regrouping terms in powers of h and a, we get
L = 1
2
∂µh∂µh+
1
2
∂µa∂µa− 1
4
ρµνρµν (1.29)
− 1
2
(
3λv2 − |m2φ|
)︸ ︷︷ ︸
(h mass)2
h2 − 1
2
(
λv2 − |m2φ|
)︸ ︷︷ ︸
zero a mass
a2 − 1
2
(
M2ρ + gρv
2
)︸ ︷︷ ︸
(ρ mass shift)2
ρµρ
µ (1.30)
− λ
2
h2a2−λvh3 − λvha3︸ ︷︷ ︸
U(1)−violating
− λ
4
h4 − λ
4
a4−gρvρµρµh︸ ︷︷ ︸
U(1)−violating
− gρ
2
ρµρ
µh2 − gρ
2
ρµρ
µa2 (1.31)
− v(λv2 − |m2φ|)︸ ︷︷ ︸
02
h+
1
2
(
|m2φ| −
λ
2
v2
)
v2︸ ︷︷ ︸
( 1
2
|mφ|v)2
(1.32)
As one may expect, expanding φ into real and imaginary components has the effect of making φ’s
two degrees of freedom manifest in the form of two real states, h and a. It also gives rise to the
four-point couplings h4, a4, ρ2a2, etc. Setting v to zero has no impact on the existence of these
couplings. Indeed, the original global U(1) symmetry is still respected by the vertices.
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A nonzero vev gives not-so-expected results. There are four immediate effects that merit our
attention: (i) It endows the C-even component h with positive definite mass of larger in magnitude
than mφ
mh =
√
2λv =
√
3λv2 − |m2φ| =
√
2|mφ|; (1.33)
(ii) renders massless the C-odd component of φ, a,
ma =
√
λv2 − |m2φ| = 0; (1.34)
(iii) it makes a positive definite shift to Mρ
M˜ρ =
√
M2ρ + gρv
2 ≥Mρ; (1.35)
(iv) and introduces global symmetry-violating, three-point interactions proportional to v
−λvh3 − λvha2 − gρvρµρµh = −
√
λ
2
mhh
3 −
√
λ
2
mhha
2 − gρmh√
2λ
ρµρ
µh. (1.36)
The discrete charge conjugation symmetry protects (forbids) the Lagrangian from spontaneously
generating interaction terms with odd powers of a. An imaginary vev, however, would generate
such interactions. A generalization of this presentation to arbitrary global group symmetries with
a countable number of group generators is known as Goldstone’s Theorem [7]. It states that for
each broken continuous global symmetry; equivalently, for each broken generator of a continuous
global symmetry, a massless scalar appears. These massless scalars, such as a in our case, are called
Nambu-Goldstone (NG) bosons. In the case of a spontaneously breakdown of an inexact global
symmetry, the “inexactness” being controlled by some parameterM , the NG bosons acquire a mass
proportional to (M × vev) that vanishes in the limit that the global symmetry becomes exact. In
that case, the NG bosons are called pseudo-Nambu-Goldstone (PNG) bosons, e.g., pions (π0,±) in
QCD after chiral symmetry breaking.
1.4 CONTINUOUS SYMMETRIES II: LOCAL SYMMETRIES
As the name suggests, local symmetries, also known as gauge symmetries, differ from global ones
in that continuous local symmetries are infinitesimal transformations that are dependent on space-
time coordinates. In a sense, they are a generalization of global transformations. However, only
6
derivatives acting on symmetry-respecting fields present a concern. Operators without derivatives
but respect a global symmetry, e.g., φ†φ, also respect their local analogs
φ†φ→ φ′†φ′ = φ†UU †φ = φ†φ. (1.37)
Thus our attention focuses on derivative operators, and in particular kinetic terms.
Lets consider a theory of a Dirac fermion ψ and a complex scalar φ
L = ψi/∂ψ + (∂µφ†)∂µφ−mψψψ −m2φφ†φ− λ(φ†φ)2. (1.38)
We assume ψ and φ satisfy some non-Abelian local symmetry but delay a discussion of the sign of
λ and mφ until the next section However, the scalar potential’s resemblance to Eq. (1.19) is not
coincidental. A global transformation on ψ (or φ) leaves kinetic terms unchanged since
6∂ψ →6∂ψ′ = 6∂(e−iθψ) = (6∂e−iθ)︸ ︷︷ ︸
0
ψ + e−iθ(6∂ψ) = e−iθ 6∂ψ. (1.39)
A spacetime-dependent symmetry rotation on the other hand, such as
Θ(x) ≡ Θa(x)T a, (1.40)
where T a are the generators of the corresponding group and Θa(x) are spacetime-dependent rota-
tions in the space of the group representation, leads to an additional term:
∂µψ → ∂µψ′ = ∂µ(e−iΘ(x)ψ) = [−ieiΘ(x)∂µΘ(x)]︸ ︷︷ ︸
6=0
ψ + e−iΘ(∂µψ) (1.41)
= e−iΘ(x) (∂µ − i∂µΘ(x))ψ. (1.42)
Suppressing Θ’s xµ-dependence, the ψ and φ kinetic terms under local transformations are
ψi 6∂ψ → ψ′i 6∂ψ′ = ψi 6∂ψ + (∂µΘ)ψγµψ
(∂µφ)
∗∂µφ→ (∂µφ′)∗∂µφ′ = ∂µφ∗∂µφ+ (∂µΘ)(∂µΘ)φ†φ− [i(∂µφ∗)φ(∂µΘ) + H.c] .
The existence of terms linear and quadratic in ∂µΘ very much violate our notion of invariance under
infinitesimal transformations. Therefore, if we must insist on such a symmetry, then additional
terms must be introduced to cancel the ∂µΘ terms. The Lorentz and group indices on ∂µΘ =
∂µΘ
aT a provide us with much guidance.
As spin-zero and spin-half fields do not carry Lorentz four-vector indices, our symmetry-rescuing
terms must come from modifications to our derivatives operators. This considerably constraints
our options. A modification must then take the form
i∂µ → iDµ preliminarily= i∂µ − gAµ(x), g > 0. (1.43)
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where Aµ(x) is a quantum field. The resemblance of Eq. (1.43) to obtaining the Hamiltonian of a
particle with electric charge e > 0 in classical electrodynamics using the substitution
pµ → p′µ = pµ − eAµ(x), (1.44)
where Aµ(xν) = (Φ(xν), ~A(xν)) is the classical electrodynamic vector potential, is motivational. In
the case of a local U(1) transformation with g = e, we can identify Aµ in Eq. (1.43) as the quantized
version of Aµ in Eq. (1.44), familiarly known as the photon. For this reason, we take g > 0.
As the infinitesimal rotation Θa is actually a vector in the space spanned by the group generators
T a, it possesses as many independent components that spoil our symmetry as there are generators.
For SU(N) and U(N) theories, respectively, there are
n = N2 − 1 and n = N2 (1.45)
generators. So to systematically cancel these terms, we must introduce not just one Aµ but as
many as there are Θa. To do this, Aµ, like Θ
a, must be a vector in the space spanned by T a.
Therefore, our derivative of Eq. (1.43) is more completely written as
i∂µ → iDµ = i∂µ − gAµ, Aµ ≡ AaµT a, Tr[T aT b] =
1
2
δab . (1.46)
The last equality represents the generator normalization convention we are adopting.
A local transformation on Dµψ is given by
Dµψ → Dµψ′ = (∂µ + igAµ)(e−iΘψ) = (∂µ + igAaµT a)(ψ − iΘbT bψ) (1.47)
= ∂µψ − iΘbT b(∂µψ) + igAaµT aψ − i(∂µΘb)T bψ + gAaµΘbT aT bψ. (1.48)
Generically, the commutator for a non-Abelian field is expressed as
[Aµ, Aν ] ≡ [AbµT b, AcνT c] = AbµAcν [T b, T c] = ifabcAbµAcνT a. (1.49)
where fabc is the structure constant of the group. This allows us to rewrite Eq. (1.48) as
Dµψ
′ = e−iΘ(∂µψ) + igAaµT
aψ − i(∂µΘb)T bψ + gAaµΘbT bT aψ + igfabcAaµΘbT cψ (1.50)
= e−iΘ(∂µψ) + gAaµΘ
bT b + ig
(
AaµT
a − 1
g
(∂µΘ
b)T b + fabcA
a
µΘ
bT c
)
ψ (1.51)
As the group indices within the parentheses are not external, the labels a, b, c are dummy indices.
Using the cyclic properties of fabc, we rewrite the parenthetical term as
(. . . ) = AaµT
a − 1
g
(∂µΘ
a)T a + fcbaA
c
µΘ
bT a =
(
Aaµ −
1
g
(∂µΘ
a)− fabcΘbAcµ
)
T a. (1.52)
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Therefore, if Aaµ also rotates under infinitesimal transformations such that
Aaµ → A
′a
µ = A
a
µ +
1
g
(∂µΘ
a) + fabcΘ
bAcµ , (1.53)
then Dµψ transforms under local rotations (keeping terms at most linear in Θ) as
D′µψ
′ = e−iΘ(∂µψ) + gA
′a
µ Θ
bT bT aψ + ig
(
A
′a
µ −
1
g
(∂µΘ
a)− fabcΘbAcµ
)
T aψ (1.54)
= e−iΘ(∂µψ) + gAaµΘ
bT bT aψ + igAaµT
aψ (1.55)
= e−iΘ(∂µψ) + ig(1 − iΘbT b)AaµT aψ (1.56)
= e−iΘ(Dµψ). (1.57)
Our fermion and scalar kinetic terms now transform satisfactorily as
ψi 6Dψ → ψ′i 6D′ψ′ = ψ (eiΘe−iΘ) i 6Dψ = ψi 6Dψ (1.58)
(Dµφ)
†(Dµφ)→ (D′µφ′)†(D
′µφ′) = (Dµφ)†(eiΘe−iΘ)(Dµφ) = (Dµφ)†(Dµφ) (1.59)
Thus, the replacement in our theory of derivatives ∂µ with covariant derivatives Dµ:
∂µ → Dµ ≡ ∂µ + igAaµT a, (1.60)
where φ, ψ, and Aµ transform under the local symmetry as
ψ → ψ′ = ψe−iΘ(x) (1.61)
φ→ φ′ = φe−iΘ(x) (1.62)
Aaµ → A
′a
µ = A
a
µ +
1
g
(∂µΘ
a), for Abelian symmetries (1.63)
Aaµ → A
′a
µ = A
a
µ +
1
g
(∂µΘ
a) + fabcΘ
bAcµ for non-Abelian symmetries, (1.64)
renders the entire Lagrangian given by Eq. (1.38) invariant under local transformations. The gauge
fields Aaµ, as they carry Lorentz vector indices, and thus are in the vector boson representation of
the Lorentz group. We refer to such objects that correspond to gauge transformations as gauge
bosons. Colloquially, we also say that such a theory described
L = ψi/Dψ + (Dµφ)∗Dµφ−mψψψ −m2φφ∗φ− λ(φ∗φ)2. (1.65)
is gauge invariant. However, Eq. (1.65) is incomplete. As we have introduced the gauge field Aµ, or
collection of gauge fields Aaµ, we must also specify how it propagates through spacetime. In other
words: its mass and kinetic terms.
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Mass terms for vector bosons take the form
LMass = 1
2
M2AA
a
µA
aµ. (1.66)
Under gauge transformations, however, we have
1
2
M2AA
a
µA
aµ → 1
2
M2AA
′a
µ A
′aµ (1.67)
=
1
2
M2A
(
Aaµ +
1
g
(∂µΘ
a) + fabcΘ
bAcµ
)(
Aµa +
1
g
(∂µΘa) + fadeΘ
dAµe
)
.(1.68)
Keeping terms that are no more than linear in Θa and permuting the indices of f , we obtain
1
2
M2AA
′a
µ A
′aµ =
1
2
M2A
[
AaµA
µa +
1
g
(∂µΘ
a)Aµa +
1
g
(∂µΘa)Aaµ
fabcΘ
bAcµA
µa + fcbaΘ
bAcµA
µa
]
(1.69)
=
1
2
M2A
[
AaµA
µa +
1
g
(∂µΘ
a)Aµa +
1
g
(∂µΘa)Aaµ
]
, (1.70)
which violates our gauge symmetry. Therefore, to preserve it, gauge bosons must be massless.
Kinetic terms for gauge bosons are constructed from the field strength tensor
Aµν = ∂µAν − ∂νAµ + ig[Aµ, Aν ] (1.71)
≡ AaµνT a =
(
∂µA
a
ν − ∂νAaµ − gfabcAbµAcν
)
T a, (1.72)
where we have used the commutator relationship of Eq. (1.49). Alternatively, we can construct the
field strength tensor by evaluating the commutator of the covariant derivate:
Aµν =
1
ig
[Dµ,Dν ] =
1
ig
(∂µ + igAµ)(∂ν + igAν)− 1
ig
(∂ν + igAν)(∂µ + igAµ) (1.73)
=
1
ig
∂µ∂ν + (∂µAν) +Aν∂µ +Aµ∂ν + igAµAν
− 1
ig
∂ν∂µ − (∂νAµ)−Aµ∂ν −Aν∂µ − igAνAµ (1.74)
= [(∂µAν)− (∂νAµ)] + ig(AµAν −AνAµ). (1.75)
In this notation, it is easy to see that non-Abelian field strengths transform under gauge a trans-
formation U in the same manner as covariant derivatives do:
Dµ → D′µ = U †DµU (1.76)
Aµν → A′µν =
1
ig
(
U †DµUU †DνU − U †DνUU †DµU
)
=
1
ig
U †[Dµ,Dν ]U
= U †AµνU. (1.77)
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However, because of this property, we are not allowed to write a kinetic term simply as AµνA
µν if
we require that it be independently gauge invariant from all other Lagrangian terms. We resolve
this by taking only its diagonal elements, its trace. Physically, we can understand this as needing
to match a gauge boson’s gauge charge (group index) with itself to form a gauge singlet state.
Subsequently,
Tr[AµνA
µν ]→ Tr[A′µνA
′µν ] = Tr[U †AµνUU †AµνU ] = Tr[AµνAµν ] =
1
2
AaµνA
aµν , (1.78)
there the factor of one-half came from the normalization of the generators, as given in Eq. (1.46).
Scaling this trace by 1/2 is necessary for correct field normalization for identical particles. For
Abelian gauge bosons, we have the additional property the field strengths are also individually
gauge invariant:
Aµν → A′µν = ∂µA′ν − ∂νA′µ = ∂µ
(
Aν +
1
g
(∂νΘ)
)
− ∂ν
(
Aµ +
1
g
(∂µΘ)
)
(1.79)
= ∂µAν − ∂νAµ + 1
g
(
∂µ∂νΘ− ∂ν∂µΘ︸ ︷︷ ︸
)
0
= Aµν . (1.80)
Thus, Abelian kinetic terms do take the simple form AµνA
µν . With this, we write
L = ψi/Dψ + (Dµφ)†Dµφ−mψψψ −m2φφ†φ− λ(φ†φ)2 −
1
4
AµνA
µν︸ ︷︷ ︸
Abelian
−1
4
AaµνA
a µν︸ ︷︷ ︸
non−Abelian
(1.81)
and our local gauge theory is now complete.
As a concrete example, we briefly consider a simple U(1) gauge theory: QED.
1.4.1 Quantum Electrodynamics
Quantum Electrodynamics (QED) is the theory of light at microscopic distances and, as the name
suggests, is simply electrodynamics after second quantization, i.e., expansion of classical field in
creation and annihilation operators. We begin by supposing a massive fermion ψ and complex
scalar φ that transform according to a local U(1)EM with generator Qˆ
ψ → ψ′ = ψe−iΘ(x)Qˆ, ψ → ψ′ = ψeiΘ(x)Qˆ (1.82)
φ→ φ′ = φe−iΘ(x)Qˆ, φ∗ → φ′∗ = φ∗eiΘ(x)Qˆ. (1.83)
When Qˆ operates on ψ (φ) gives its electric charge qψ (qφ) in units of e > 0. Following to our
procedure above, our gauge invariant theory is given by the Lagrangian
LQED = ψi/Dψ + (Dµφ)†Dµφ− 1
4
AµνA
µν −mψψψ −m2φφ†φ (1.84)
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VψψA = −ieqψγµ Vφφ∗AA = +2ie2q2φgµν Vφφ∗A = −ieqφ(pµ − p′µ)
(All momenta incoming.)
pµ p
′µ
Figure 1: Interaction Feynman Rules for QED.
Expanding the covariant gauge derivatives gives one
ψi 6Dψ = ψi(6∂ + ie 6AQˆ)ψ = ψi 6∂ψ − eqψψ 6Aψ (1.85)
(Dµφ)†Dµφ = (∂µφ+ ieAµQˆφ)†(∂µφ+ ieAµQˆφ) (1.86)
= (∂µφ∗)(∂µφ) + e2q2φA
µAµφ
∗φ+ [ieqφ(∂µφ∗)Aµφ+H.c] ,
Shuffling terms, we have
LQED = LKinetic + LMass + LInt., (1.87)
LKinetic = ψi 6∂ψ + (∂µφ∗)(∂µφ)− 1
4
AµνA
µν (1.88)
LMass = −mψψψ −m2φφ†φ (1.89)
LInt. = −eqψψ 6Aψ + e2q2φgµνAµAνφ∗φ+ [ieqφ(∂µφ∗)Aµφ+H.c] (1.90)
To efficiently obtain the Feynman Rules for QED from the interaction Lagrangian LInt., we
Fourier decompose the field operators ψ, φ, and Aµ under its Action. For example:
SψψA = i
∫
d4xLψψA =
∫
d4x(−ieqψ)ψ 6Aψ (1.91)
∝
∫
d4x
[
d3p
]3 ∑
d.o.f.
[
a†s(p
′)us(p′)e−ip
′·x + bs(p′)vs(p′)eip
′·x
]
× (−ieqψγµ)
[
aλ(q)ελµ(q)e
iq·x + ac†(q, λ)ε∗µ(q, λ)e
−iq·x
]
×
[
as(p)us(p)e
ip·x + b†s(p)vs(p)e
−ip·x
]
. (1.92)
This represents every permutation of incoming/outgoing fermions/bosons that is allowed under
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QFT and gauge invariance for the ψ − ψ −A coupling. The common factor is the term
VψψA : −ieqψγµ. (1.93)
We may do the same for the φ − φ∗ − A − A interaction vertex. Keeping track of a multiplicity
factor of 2 that originates from having identical bosons, i.e., Aµ, Aν , we obtain
VφφAA : +2ie
2q2φgµν . (1.94)
Last, we have the φ− φ∗ −A vertex. It is marginally more complicated since one must keep track
of incoming/outgoing momenta. For incoming p and outgoing p′, we have
SφφA = i
∫
d4xLφφA =
∫
d4x(−eqφ) [(∂µφ∗)Aµφ− φ∗Aµ(∂µφ)] (1.95)
∝
∫
d4x
[
d3p
]3 ∑
d.o.f.

a†(p′)∂µe−ip′·x + ac(p′)∂µeip′·x︸ ︷︷ ︸
Outgoing: ip′µ


× (−eqφ)
[
aλ(q)ελµ(q)e
iq·x + ac†(q, λ)ε∗µ(q, λ)e
−iq·x
]
×

a(p)eip·x + ac†(p)e−ip·x︸ ︷︷ ︸
Incoming:−ipµ

− · · · (Incoming) (1.96)
Collecting terms gives us the coupling vertex
VφφA : −ieqφ(pµ + p′µ) for incoming (outgoing) p (p′). (1.97)
We summarize these Feynman rules in Fig. 1.
1.4.2 The Higgs Mechanism: Spontaneously Broken Local Symmetries
At last, we turn to the topic of spontaneously broken gauge symmetries. Several of the intermediate
steps here have been derived in Section 1.3.1, where spontaneously broken global symmetries are
studied. We consider a model containing three complex scalars φ, Φ, and H. We let φ and Φ be
respectively gauged under U(1)A and U(1)B , and normalize their couplings to unity. The field H
is charged under both U(1)A and U(1)B , also with unity charges. Notationally, it is often stated
that under the gauge group
G = U(1)A ×U(1)B (1.98)
the fields φ, Φ, H are charged as follows:
φ : (+1, 0), Φ : (0,+1), H : (+1,+1). (1.99)
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Assuming that only H has a nonzero mass, our gauge invariant Lagrangian is
L = (Dµφ)†Dµφ+ (DµΦ)†DµΦ+ (DµH)†DµH − 1
4
AµνA
µν − 1
4
BµνB
µν
−V1 − V2, (1.100)
V1 = m
2
HH
∗H + λHH(H∗H)2 + λHφH∗Hφ∗φ+ λHΦH∗HΦ∗Φ, (1.101)
V2 = λφφ(φ
∗φ)2 + λΦΦ(Φ∗Φ)2 + λΦφΦ∗Φφ∗φ, (1.102)
where Xµν is the field strength of gauge boson X = A,B. The covariant derivatives are
Dµφ = (∂µ + igAAµQˆA)φ = (∂µ + (+1)igAAµ)φ, (1.103)
DµΦ = (∂µ + igBBµQˆB)Φ = (∂µ + (+1)igBBµ)Φ, (1.104)
DµH = (∂µ + igAAµQˆA + igBBµQˆB)H = (∂µ + (+1)igAAµ + (+1)igBBµ)H, (1.105)
where QˆX denotes the charge generator of gauge interaction X. The potentials V1 and V2 have
been written in such a way that strictly (H∗H)-dependent terms are contained in V1.
For the sake of avoiding a nonsensical theory, we require all four-point couplings λXY to be
positive-definite. We require that neither φ nor Φ carry nonzero vevs,
〈φ〉 = 〈Φ〉 = 0. (1.106)
The quartic potential in (H∗H), V1, gives rise to a nonzero vev for H if m2H < 0. We may ignore φ
and Φ in solving for the minimum of H since their vevs are (by hypothesis) zero. In this case, the
extrema solutions of H are the same as those given in Eq. (1.24), and therefore H possesses a vev
given by
vH =
√
2〈H〉 =
√
|m2H |
λHH
. (1.107)
We now consider the covariant derivate acting on 〈H〉, which is the qualitatively new feature
in spontaneously broken local symmetries. Setting H to its vev, we see for DµH
DµH = (∂µ + igAAµ + igBBµ)
vH√
2
= i
vH√
2
(gAAµ + gBBµ) . (1.108)
Pairing it with its conjugate, we obtain
(DµH)†(DµH) =
v2H
2
(gAA
µ + gBB
µ) (gAAµ + gBBµ) . (1.109)
Without the loss of generality, we assume gA > gB and define the quantities
cos θA ≡ gA√
g2A + g
2
B
, gZ ≡
√
g2A + g
2
B =
gA
cos θA
, and gγ = gA sin θA. (1.110)
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With these definitions, we may write Eq. (1.109) as
(DµH)†(DµH) =
v2H
2
g2Z (cos θAAµ + sin θABµ)
2 . (1.111)
However, one may recognize that the quantity in the parentheses is nothing more than a field
redefinition in gA − gB space given by the rotation
Z
γ

 =

 cos θA sin θA
− sin θA cos θA



A
B

 . (1.112)
The field γ is identified as the orthogonal state of Z as A,B are rotated by mixing angle θA.
Expressing the kinetic term for H at its minimum in terms of this Zµ vector boson gives us a
remarkable result: a vector boson mass term.
(DµH)†(DµH) =
v2H
2
gZ(cos θAAµ + sin θABµ)
2︸ ︷︷ ︸
ZµZµ
=
MZ
2
ZµZ
µ, (1.113)
where the mass of the Zµ boson is
MZ = gZvH . (1.114)
As no such term for γµ materializes, it remains massless.
These results are notable because in Eq. (1.70) we showed that a gauge boson if forbidden to
have mass as it would otherwise violate gauge invariance. However, as H was charged under the
A and B gauge groups and has since acquired a vev, the vacuum too has acquired charges under
A and B, breaking the local symmetry. The massless field γ, on the other hand, is free to make
gauge transformations with respect to a new (Abelian) generator:
Qˆγ = QˆA − QˆB. (1.115)
The fields φ and Φ, respectively, possess charges qφγ = +1 and qΦγ = −1 since
Qˆγφ = QˆAφ− QˆBφ = (+1)φ− (0)φ (1.116)
QˆγΦ = QˆAΦ− QˆBΦ = (0)Φ − (+1)Φ. (1.117)
Their couplings to the Z and γ fields are discovered by applying the field rotation Eq. (1.112) to
their covariant derivatives:
Dµφ = (∂µ + igAAµQˆA)φ =
[
∂µ + igA (cos θAZµ − sin θAγµ)
(
Qˆγ + QˆB
)]
φ (1.118)
=
(
∂µ + igZ cos θ
2
AZµ − igγγµ
)
φ, (1.119)
DµΦ = (∂µ + igBBµQˆB)Φ =
[
∂µ + igB (sin θAZµ + cos θAγµ)
(
QˆA − Qˆγ
)]
Φ (1.120)
=
(
∂µ + igZ sin θ
2
AZµ + igγγµ
)
Φ. (1.121)
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Being a gauge interaction, γ couples to φ and Φ with equal strength and proportionally to their
charge. Zµ, however, couples non-universally: for gA > gB , φ interacts more strongly with Zµ
than Φ. This is partly due to Zµ aligning more (θA > π/4) with the gauge state Aµ than with
Bµ, which is aligned more closely with γ. Altogether, this is the crux of spontaneously broken
gauge symmetries: the generation of vector boson masses and the emergence of a “hidden” local
symmetry. The hidden symmetry refers to H being charged under
U(1)A × U(1)B , (1.122)
and so the associated gauge bosons are aware of its symmetry-breaking vev, but the subgroup
U(1)A−B ⊂ U(1)A × U(1)B , (1.123)
whose generator is given by Qˆγ = QˆA − QˆB , is unknown to H since it is neutral under this local
symmetry. Being neutral, H is unable to charge the vacuum under this gauge group, and therefore
it remains unbroken after the spontaneously breakdown of its component generators.
In analog to the global symmetry case, we now expand H about its minimum
H ≈ vH + h(x) + iξ(x)√
2
. (1.124)
Writing this to lowest order in h and ξ, however, gives us
H =
1√
2
(vH + h(x))
(
1 + i
ξ(x)
vH
)
=
1√
2
(vH + h(x)) e
i
ξ(x)
vH , (1.125)
which we recognize as a gauge transformation of the form
H → H ′ = He−iΘ(x). (1.126)
This also indicates that our gauge field transforms locally as
Zµ → Z ′µ = Zµ +
1
gγv
(∂µξ). (1.127)
The field ξ is an unphysical degree of freedom that represents our ability to make gauge transfor-
mations, in contrast to the global symmetry case, where ξ was a real, massless scalar. The gauge
choice of removing the unphysical fields by explicitly setting ξ(x) = 0 is known as the unitary gauge.
Continuing, the covariant derivate on H is now given by
DµH = (∂µ + igAAµ + igBBµ)
1√
2
(vH + h) =
1√
2
∂µh+
i√
2
Zµ(MZ + gZh). (1.128)
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Pairing DµH with its conjugate, we obtain
(DµH)†(DµH) =
1
2
[(∂µh)− iZµ(MZ + gZh)] [(∂µh) + iZµ(MZ + gZh)] (1.129)
=
1
2
(∂µh)(∂µh) +
1
2
ZµZµ(MZ + gZh)
2 (1.130)
=
1
2
(∂µh)(∂µh) +
1
2
M2ZZ
µZµ + gZMZZ
µZµh+
g2Z
2
ZµZµhh, (1.131)
which gives us three-point ZZh interactions proportional to MZ and four-point ZZhh couplings
that is suppressed by two powers of gZ . For completeness, we turn to the potential V1. We observe
the emergence of positive definite masses for h, φ and Φ as well as interactions that are linear and
quadratic in h in the same manner that we witnessed for the global case:
V1 = m
2
HH
∗H + λHH(H∗H)2 + λHφH∗Hφ∗φ+ λHΦH∗HΦ∗Φ, (1.132)
=
m2H
2
(v2H + h
2 + 2vHh) + λHH(v
2
H + h
2 + 2vHh)
2
+ λHφ(v
2
H + h
2 + 2vHh)φ
∗φ+ λHΦ(v2H + h
2 + 2vHh)Φ
∗Φ (1.133)
=
1
2
(
3λHHv
2
H − |m2H |
)︸ ︷︷ ︸
(h mass)2
hh+
1
2
(
2λHφv
2
H
)︸ ︷︷ ︸
(φ mass)2
φφ+
1
2
(
2λHΦv
2
H
)︸ ︷︷ ︸
(Φ mass)2
ΦΦ
+ cubic interaction terms of the form hhh, hφφ, hΦΦ,
+ quartic interaction terms of the form hhhh, hhφφ, hhΦΦ. (1.134)
This mechanism, proposed in 1964 first by Brout & Englert [8], Higgs [9, 10], and Guralnik,
et. al. [11], later to be reviewed in Refs. [12, 13], is known as the Brout-Englert-Higgs (BEH)
Mechanism, or more commonly, the the Higgs Mechanism. It is a subtle caveat of Goldstone’s
Theorem stating that for each broken continuous local symmetry, the gauge boson associated with
the broken generator of the continuous local symmetry acquires a mass. The difference being that
if the continuous symmetry is global (local), a massless scalar (massive vector boson) appears in
the theory. With this framework in place, we now move onto our Standard Model adventure.
1.5 INTRODUCTION TO THE STANDARD MODEL OF PARTICLE PHYSICS
The Standard Model of particle physics, commonly denoted simply as SM, represents to-date our
best understanding of matter and its interactions at energy scales on the order of 1 TeV and below.
In terms of distance, this corresponding to scales as small as 10−19 meters. Though unsatisfactory,
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for example its prediction of massless neutrinos, the impressive agreement between high precision
predictions and experimental observations demonstrate that most any theory that supersedes it
will contain the SM as its “low energy” effective field theory limit. In this section, we introduce
the ingredients of the SM and derive some of its most fundamental properties. In doing so, we
will be able to appreciate some of the more subtle aspects of SM extensions that alleviate its
incompleteness.
Formally speaking, the SM contains a renormalizable Yang-Mills theory [14] together with
of chiral spin-half fermions and spin-zero bosons (scalars) with varying charges under strongly
coupled [15–19] and weakly coupled [20–22] gauge symmetries. Respecting both Abelian and non-
Abelian transformations, the SM scalar sector breaks the weakly coupled gauge sector through the
Higgs Mechanism. The remaining unbroken gauge symmetries, color (non-Abelian) and electro-
magnetism (Abelian), possess somewhat interesting dynamics and eventually give rise to atoms,
which, to speak technically, are electronic bound states of light elementary fermions (electrons) and
heavy hadronic bound states (nucleons). The applicability and utility of atoms are (presumably)
familiar to the reader.
The dimension-four Lagrangian of the SM is given as
LSM = LGauge + LHiggs + LFermion, (1.135)
representing the gauge, scalar (or Higgs), and matter (or fermion) sectors of the models. We will
now discuss each part in detail.
1.6 GAUGE SECTOR OF THE STANDARD MODEL
The gauge sector of the SM is categorized into two parts: (i) a strongly coupled (at low momentum
transfers) but still asymptotically free (vanishing coupling at infinite momentum transfers) sector
obeying an SU(3) symmetry, known as quantum chromodynamics (QCD); and (ii) a weakly coupled
SU(2)×U(1) symmetry, known as the electroweak (EW) sector, that spontaneously breaks to a
weakly coupled U(1) gauge symmetry.
The gauge field content of each symmetry constitute an adjoint representation of the group,
meaning that there are as many gauge bosons of a local symmetry as there are generators of the
group. For SU(N) theories, there are N2 − 1 generators (bosons). Similarly for U(N) theories,
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there are N2 generators (bosons). Thus, there is a total of 12 (8+3+1) massless spin-one (vector)
bosons in the SM gauge group
GSM = SU(3)C × SU(2)L × U(1)Y . (1.136)
The labels C, L, and Y denote color, left-handed weak isospin, and weak hypercharge, the names
for the respectively conserved charges.
Defining indices a, b, c = 1, . . . , 8 to denote color degrees of freedom and i, j, k = 1, . . . , 3 to
denote weak isospin degrees of freedom, and with a summation implied for repeated indices, the
gauge sector Lagrangian is given by the vector boson kinetic terms
LGauge = − 1
4
Tr[GµνG
µν ]︸ ︷︷ ︸
Color
− 1
4
Tr[WµνW
µν ]︸ ︷︷ ︸
Weak Isospin
− 1
4
FµνF
µν︸ ︷︷ ︸
Weak Hypercharge
(1.137)
= − 1
4
GaµνG
a µν − 1
4
W iµνW
i µν − 1
4
FµνF
µν , (1.138)
For the SU(3) color gauge bosons Gaµ, known as gluons, the field strength [See Eq. (1.75)] is
Gaµν = ∂µG
a
ν − ∂νGaµ + igs[Gµ, Gν ]a (1.139)
= ∂µG
a
ν − ∂νGaµ − gsfabcGbµGcν . (1.140)
A most striking feature of non-Abelian theories is the appearance of three-point ∂GaGbGc and
four-point GbGcGdGe interaction vertices among the gauge bosons. These self-interactions are pro-
portional to both the coupling (quadratically in the four-gluon case) and the structure constant
(product of structure constants in the four-gluon case). The reason for this self-coupling is due to
the fact that the bosons in non-Abelian theories also carry gauge charges. In the gauge sector La-
grangian [Eq. (1.138)], this is why a trace over the non-Abelian generators to pair fields accordingly
is required. For QCD and its SU(3)C symmetry, its generators (in the fundamental representation)
are proportional to the Gell-Man (or color) matrices λa. Explicitly, the generators are given by
Tˆ a =
1
2
λa, a = 1, . . . , 8, (1.141)
λ1 =


0 1 0
1 0 0
0 0 0

 , λ2 =


0 −i 0
i 0 0
0 0 0

 , λ3 =


1 0 0
0 −1 0
0 0 0

 , λ4 =


0 0 1
0 0 0
1 0 0

 ,
λ5 =


0 0 −i
0 0 0
−i 0 0

 , λ6 =


0 0 0
0 0 1
0 1 0

 , λ7 =


0 0 0
0 0 −i
0 i 0

 , λ8 = 1√3


1 0 0
0 1 0
0 0 −2

 .
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Table 1: Bosons of the Standard Model Before Electroweak Symmetry Breaking
Interaction Symbol Spin SU(3)C × SU(2)L × U(1)Y Charge
Strong Gaµ 1 (3, 1, 0)
Weak W aµ 1 (1,2, 0)
Hypercharge Bµ 1 (1, 1, 0)
Yukawa Φ 0 (1,2,+1) (Complex)
The nonzero, antisymmetric color structure constants are
f123 = 1, f458 = f678 =
√
3
2
f147 = f246 = f257 = f345 = f516 = f637 =
1
2
. (1.142)
Turning to the SU(2) weak isospin gauge bosons W iµ, the field strength is
W iµν = ∂µW
i
ν − ∂νW iµ + igW [Wµ,Wν ]i (1.143)
= ∂µW
i
ν − ∂νW iµ − gW ǫijkW jµW kν . (1.144)
As in the QCD case, we find three-point ∂W iW jW k and four-point W iW jW kW j interaction
vertices arising from the kinetic term. In the triplet (adjoint) representation of SU(2), the rotation
matrices are equivalent to the SO(3) spatial rotations for angular momentum j = 1,
Tˆ 1L =
1√
2


0 1 0
1 0 1
0 1 0

 , Tˆ 2L = 1√2


0 −i 0
i 0 −i
0 i 0

 , Tˆ 3L =


1 0 0
0 0 0
0 0 −1

 . (1.145)
Immediately, we read off from Tˆ 3L that the isospin charges of the weak bosons are
Tˆ 3L|W i〉 = ±1, 0|W i〉. (1.146)
In this relatively simple case, the SU(2)L generators (in the fundamental representation) are pro-
portional to the Pauli spin matrices (hence the label “isospin”):
Tˆ iL =
σi
2
, i = 1, . . . , 3, where (1.147)
σ1 =

0 1
1 0

 , σ2 =

0 −i
i 0

 , σ3 =

1 0
0 −1

 . (1.148)
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The structure constant is the antisymmetric, three-dimensional Levi-Civita tensor ǫijk
[Wµ,Wν ] =W
j
µW
k
ν [T
j , T k] =W jµW
k
ν
[
σj
2
,
σk
2
]
=W jµW
k
ν
iσi
2
ǫijk. (1.149)
Lastly, for the U(1) weak hypercharge gauge boson Bµ, which carries zero hypercharge, we have
Fµν = ∂µBν − ∂νBµ. (1.150)
A special property of field strengths for Abelian gauge theories stems from its linear dependence
on boson fields. Namely, that linear transformations acting on a gauge field also hold for its field
strength. If we can express an Abelian gauge field by the following linear combination
Bµ =
∑
i
ciA
i
µ, (1.151)
then we have that the field strength obeys the analogous linear decomposition:
Bµν = ∂µBν − ∂νBµ =
∑
i
ci∂µA
i
ν − ci∂νAiµ =
∑
i
ciA
i
µν . (1.152)
Together, the isospin and hypercharge charge fields are the unbroken electroweak gauge bosons.
The gauge boson content of the SM is summarized in the first three rows of Table 1.
1.7 THE STANDARD MODEL HIGGS SECTOR AND ELECTROWEAK
SYMMETRY BREAKING
The SM contains a single colorless, complex scalar field Φ that is gauged under the electroweak
sector. Transforming as a doublet under SU(2)L, i.e., under the fundamental representation, it
possesses hypercharge Y = +1, mass µ, and is expressible as
Φ =
1√
2

φ1 + iφ2
φ0 + iφ3

 =

 φ+
1√
2
(φ0 + iφ3)

 , φ± ≡ 1√
2
(φ1 ± iφ2). (1.153)
From the requirements that it be charged under isospin (2 d.o.f.) and complex (×2 d.o.f.), Φ actually
comprises four real scalar fields φ0, . . . , φ4. The fields φ1, φ2, are written as a linear combination
for reasons that will become clear shortly. It suffices for the moment to say that the two isospin
components of Φ separately respect the a second U(1) gauge group with generator
QˆΦ =
(
Tˆ 3L +
1
2
Yˆ
)
Φ =
1
2
(
σ3 + 12
)
Φ =

1 0
0 0

Φ, (1.154)
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indicating that φ± have a charge Q = ±1 and φ0, φ1 are charge zero. In Eq. (1.154), we expanded
Tˆ 3L and Yˆ in SU(2)L space, in which case Yˆ = 12YΦ = (+1)12.
Ignoring fermions, the most general Lagrangian at dimension-four we can write for Φ is
LHiggs = (DµΦ)†DµΦ− V (Φ), V (Φ) = −µ2Φ†Φ+ λ(Φ†Φ)2, (1.155)
where the covariant derivative is given by
DµΦ =
[
∂µ + igW Tˆ
i
LW
i
µ + i
gY
2
Yˆ Bµ
]
Φ (1.156)
=
[
∂µ + i
gW
2
σiW iµ + i
gY
2
Bµ
]
Φ, (1.157)
and gW (gY ) denotes the weak isospin (hypercharge) coupling strength. Yˆ and gY are normalized
such that a factor of 1/2 appears in the covariant derivative, but it is sometimes absorbed in to the
definition of Yˆ . Though Eq. (1.156) appears harmless, its present form does not show its utility.
Let us rewrite Eq. (1.156) by taking advantage of familiar results of SU(2) algebras. The raising
and lowering ladder operators of SU(2) are canonically given by
Tˆ±L = Tˆ
1
L ± iTˆ 2L =
1
2
(σ1 ± iσ2) =



0 1
0 0

 for +

0 0
1 0

 for −
. (1.158)
We now write the SU(2)L gauge fields in terms of raising and lowering operators
Tˆ iLW
i
µ =
1
2
(Tˆ+L + Tˆ
−
L )W
1
µ −
i
2
(Tˆ+L − Tˆ−L )W 2µ +W 3µ Tˆ 3L (1.159)
=
1
2
(W 1µ − iW 2µ)Tˆ+L +
1
2
(W 1µ + iW
2
µ)Tˆ
−
L +W
3
µ Tˆ
3
L, (1.160)
and suggests the following linear field redefinitions
W±µ =
W 1µ ∓ iW 2µ√
2
. (1.161)
In this form, the W+,W−,W 3 gauge bosons can be identified as increasing, decreasing, or leaving
unchanged the weak isospin of a system that absorbs it. Alternatively, the three respectively lower,
raise, or leave unchanged isospin when radiated. Equation (1.156) becomes
DµΦ =
[
∂µ +
igW√
2
W+µ Tˆ
+
L +
igW√
2
W−µ Tˆ
−
L + igWW
3
µ Tˆ
3
L + i
gY
2
Yˆ Bµ
]
Φ. (1.162)
However, by decomposing Tˆ aL in this manner, Eq. (1.162) suggests an additional action: a redef-
inition of W 3 and B. As W 3 and B share the same spacetime (massless, spin-1) and internal
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quantum numbers (zero isospin and hypercharge), they in principle can mix. This is very much
like the gauge-mixing case we witnessed in Eq. (1.112).
To construct the appropriate field redefinitions, we first recognize that this will require at most
a 2 × 2 matrix, where the level of mixing is controlled by an angle θW . Expanding Tˆ 3L and Yˆ in
SU(2)L space gives us such an object:
gWW
3
µ Tˆ
3
L +
gY
2
Yˆ Bµ =
1
2

gWW 3µ + gYBµ 0
0 −gWW 3µ + gYBµ

 . (1.163)
Being diagonal, it is easy to read off the eigenstates, which we label Aµ and Zµ,
Aµ ∼ gWW 3µ + gYBµ ∼ sin θWW 3µ + cos θWBµ (1.164)
Zµ ∼ gWW 3µ − gYBµ ∼ cos θWW 3µ − sin θWBµ. (1.165)
The interaction states then relate to gauge states W 3µ , Bµ by the SU(2)L−U(1)Y rotation

Aµ
Zµ

 =

 cos θW sin θW
− sin θW cos θW



Bµ
W 3µ

 . (1.166)
with coupling and mixing parameters defined by
sin θW ≡ gY√
g2W + g
2
Y
and gZ ≡
√
g2W + g
2
Y =
g
cos θW
. (1.167)
Conventionally, we take the gY → 0 limit to be the decoupling regime where the SU(2)L and U(1)Y
gauge bosons do not mix. We now rewrite the last terms of DµΦ in Eq. (1.162) as
gWW
3
µ Tˆ
3
L +
gY
2
Yˆ Bµ = gW (sin θWAµ + cos θWZµ)Tˆ
3
L +
gY
2
(cos θWAµ − sin θWZµ)Yˆ
= gW sin θW (Tˆ
3
L +
1
2
Yˆ )︸ ︷︷ ︸
Qˆ of Eq. (1.154)
Aµ +
gW
cos θW
(cos2 θW Tˆ
3
L − sin2 θW
1
2
Yˆ︸︷︷︸
Qˆ−TˆL
)Zµ
= eQˆAµ + gZ(Tˆ
3
L − sin2 θW Qˆ)Zµ, (1.168)
where
e ≡ gW sin θW . (1.169)
Finally, we have
Dµ =
[
∂µ +
igW√
2
W+µ Tˆ
+
L +
igW√
2
W−µ Tˆ
−
L + ieAµQˆ+ igZZµ(Tˆ
3
L − sin2 θW Qˆ)
]
. (1.170)
23
Equation (1.170) is a rather dense expression, so we take time and explore the consequences of
our successive field definitions. The second and third terms, W+ and W−, being mixtures of pure
SU(2)L fields that still carry T
3
L = ±1 isospin, remain the gauge bosons of the local symmetry. As
previously mentioned, they transmute lower and upper components of Φ into each other. With the
ladder operators Tˆ±L , it is clear that terms proportional to
W+φ+ or W−φ−, (1.171)
which would violate weak isospin charge conservation, do not exist.
The third term, AµQˆ, is interesting because we will eventually identify these objects as the
photon field and the electric charge generator of QED. The term is also interesting because only
half the Higgs doublet is aware of its existence; see the discussion of “Hidden Local Symmetries”
above Eq. (1.123). As the sum of the hypercharge and third weak isospin generators, the (electric)
charges Q for the four φi fields are
Qφ1,2 = T
3
L φ1,2 +
1
2
Yφ0,3 =
+1
2
+
1
2
= 1, (1.172)
Qφ0,3 = T
3
L φ0,3 +
1
2
Yφ0,3 =
−1
2
+
1
2
= 0. (1.173)
The relevant portion of the Higgs doublet’s covariant derivate then simplifies to
DµΦ ∋
(
∂µ + ieAµQˆ
)
Φ = ∂µΦ+ ieAµ

1 0
0 0



 φ+
1√
2
(φ0 + iφ3)

 (1.174)
∋ (∂µ + ieAµ)φ+, (1.175)
which, as we studied in Section 1.4.1, is the covariant derivative for scalar QED. However, as W±
carry nonzero isospin but zero hypercharge, they too carry a net electric charge QW = ±1. These
interaction terms are not present in LHiggs because they emerge after applying the field redefinitions
W±µ in Eq. (1.161) and Zµ, Aµ in Eq. (1.166) to the W aµ and Bµ field strengths.
The last term of Eq. (1.170) is notable because its gives the appearance of predicting deviations
from universal gauge couplings, even as the lower components of Φ have zero electromagnetic charge.
Of course, as Zµ is neither an isospin or hypercharge gauge boson, gauge coupling universality is
not actually violated. It is enlightening to see the origin of slight coupling difference by considering
the φ0φ0V V coupling for V =W±, Z. From the kinetic term in Eq. (1.155), we have
(DµΦ)
†DµΦ ∋ g
2
W
2
W−µ W
µ+Φ†
(
Tˆ−L Tˆ
+
L
)
Φ+ g2ZZµZ
µΦ†
(
Tˆ 3L − sin2 θW Qˆ
)2
Φ (1.176)
∋ g
2
W
2
(
1√
2
)2
W−µ W
µ+φ0φ0 + g2Z
(
1
2
√
2
)2
ZµZ
µφ0φ0 (1.177)
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= ig
2
V
2 g
µν , V = W±, Z
φ0
φ0
Vµ
Vν
Figure 2: Feynman vertex rules for φ0 − φ0 − V − V , V =W±, Z, in the SM before EWSB.
Accounting for the symmetry factors from identical pairs φ0φ0 and ZZ, the Feynman vertex rules
for the four-point interactions, and shown in Fig. 2, are
φ0φ0W+W− : igφφWW = i
g2W
2
(1.178)
φ0φ0ZZ : igφφZZ = i
g2Z
2
= i
g2W
2 cos2 θW
, (1.179)
and become identical in the decoupling limit of gY → 0. At leading order, we therefore have
λWZ
Preliminarily
=
gφφWW
gφφZZ cos2 θW
=
g2W
g2Z cos
2 θW
= 1, (1.180)
which is actually quite stable under radiative corrections [23]. Equation (1.180) is very related to
the notion of custodial symmetry, and will be visited shortly.
The scalar boson content of the SM is summarized in the last row of Table 1. We now turn our
focus to the potential V in LHiggs and the topic of electroweak (EW) symmetry breaking (EWSB).
1.7.1 Electroweak Symmetry Breaking I: Massive Gauge Bosons
From Section 1.4.2, we learned that if the Φ field mass µ2 and the self-coupling λ are both positive-
definite, then its potential V ,
V (Φ) = −µ2Φ†Φ+ λ(Φ†Φ)2, (1.181)
has a minimum at the origin and the Higgs field’s ground state expectation value is zero. However,
for µ2 < 0 and positive λ, the minimum is away from the origin, leading to a nonzero vev, triggering
the Higgs Mechanism. The EW symmetries under which the Higgs transforms are broken spon-
taneously, and the associated EW gauge bosons of these now-broken symmetries generate masses
proportional to the size of the vev, a process called electroweak (EW) symmetry breaking (EWSB).
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We now apply the Higgs Mechanism to the SM and denote the vev of Φ by
v ≡
√
2〈Φ〉 =
√
|µ2|
λ
. (1.182)
Empirically, v is measured from the muon lifetime [24]
τµ =
1
Γµ
=
192π3
G2Fm
2
µ
≈ 2.2−6s, (1.183)
where GF is Fermi’s constant and √√
2GF = v ≈ 246 GeV. (1.184)
Letting Φ settle at the minimum of its potential and take on the value of its vev, i.e.,
Φ =
1√
2

0
v

 , (1.185)
its covariant derivate is then
DµΦ =
[
∂µ︸︷︷︸
∂µv=0
+
igW√
2
W+µ Tˆ
+
L +
igW√
2
W−µ Tˆ
−
L︸ ︷︷ ︸
Tˆ−L Φ=0
+ ieAµQˆ︸︷︷︸
QˆΦ=0
+ igZZµ
(
Tˆ 3L − sin2 θW Qˆ
)] v√
2

0
1

 (1.186)
=
iv√
2

gW√
2
W+µ

1
0

+ gZ
2
Zµ

0
1



 = iv
2


gWW
+
µ
− gZ√
2
Zµ

 (1.187)
The kinetic term of Φ at the bottom of the Higgs’ potential then simplifies to
(DµΦ)
†DµΦ =
v2
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(
gWW
−
µ
− gZ√
2
Zµ
)
gWW
+
µ
− gZ√
2
Zµ

 (1.188)
= M2WW
−
µ W
+
µ +
1
2
M2ZZµZ
µ (1.189)
where we have define the mass terms
M2W ≡
g2W v
2
4
and M2Z ≡
g2Zv
2
4
=
(g2W + g
2
Y )v
2
4
. (1.190)
The massive gauge bosons, W± and Z, have been measured at many experiments since their
first direct production at CERN’s Super Proton Synchrotron by the UA1 and UA2 experiments in
1983. Presently, the world’s best average for these masses are [25]
MWorld Avg.W = 80.385 ± 0.015 GeV and MWorld Avg.Z = 91.1876 ± 0.0021 GeV. (1.191)
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Table 2: Bosons of the Standard Model After Electroweak Symmetry Breaking
Name Gauge Interaction Symbol Spin Mass [GeV] [25] SU(3)C × U(1)EM
Gluon Strong Gaµ 1 0 (3, 0)
W Weak W±µ 1 80.385± 0.015 (1,±1)
Z Weak Zµ 1 91.1876±0.0021 (1, 0)
Photon Electromagnetism Aµ/γ 1 0 (1, 0)
Higgs Yukawa (Not Gauged) h 0 125.09 ± 0.21 (1, 0)
As tempted as we are to comment on the similarity of the masses, we continue with EWSB.
Counting degrees of freedom before EWSB, we had four fields from Φ, three SU(2)L gauge fields,
and one U(1)Y gauge field. Since each (massless) gauge boson possess two transverse polarizations,
this gives us 12 total degrees of freedom. Presently, we have recovered only nine from the massive
W±, Z bosons (two transverse and one longitudinal polarization). We saw in Section 1.4.2 that
vector boson masses break gauge invariance, and thusMW anMZ in Eq. (1.189) ruin the generators
Tˆ±, Tˆ 3L − sin2 θW Qˆ. (1.192)
However, Φ does not carry a charge associated with generator
Qˆ = Tˆ 3L +
1
2
Yˆ , (1.193)
and Aµ remains massless:
mγ = 0 . (1.194)
Two more physical degrees of freedom are thus recovered as transverse polarizations.
The last physical state comes from fluctuations of Φ around 〈Φ〉. We define the field h with a
vanishing vev such that
Φ(x) ≈ 1√
2

 0
v + h(x)

 , 〈h(x)〉 = 0. (1.195)
Recall from Eq. (1.125) that ℑ[Φ(x)] around v is an unphysical field that represents the ability of
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Aµ to make a gauge transformation. The covariant derivate acting on Φ now takes the form
DµΦ =

 1√
2

 0
∂µh

+ igW
2
W+µ

v + h
0

+ i gZ
2
√
2
Zµ

 0
v + h



 (1.196)
=


i
gW
2
W+µ (v + h)
1
√
2
∂µh− i
gZ
2
√
2
Zµ(v + h)

 . (1.197)
This gives rise to the three-point and four-point interaction terms
(DµΦ)
†DµΦ =
(
− igW
2
W−µ (v + h),
∂µh√
2
+
igZ√
2
Zµ(v + h)
)
igW
2
W µ+(v + h)
∂µh
√
2
−
igZ
2
√
2
Zµ(v + h)


(1.198)
=
1
2
∂µh∂
µh+M2WW
−
µ W
µ+ +M2ZZµZ
µ + gWMWW
−
µ W
µ+h+ gZMZZµZ
µh︸ ︷︷ ︸
hV V Coupling ∝ MV
+
g2W
4
W−µ W
µ+hh+
g2Z
8
ZµZ
µhh︸ ︷︷ ︸
hhV V Coupling
. (1.199)
Expending Φ in the potential V , we obtain the mass and self-interaction terms for h:
V (Φ) = −µ2
(
1√
2
)2 (
0, v + h
) 0,
v + h

+ λ( 1√
2
)2 (0, v + h)

 0,
v + h



2 (1.200)
=
1
2
m2Hh
2 +
√
λ
2
mHhhh+ h
4 +
λ
4
hhhh +
λv4
2
, (1.201)
where the mass of the Higgs bosons, h, is given by
mH ≡ v
√
2λ =
√
2|µ| (1.202)
Discovered only recently by the ATLAS and CMS experiments at the CERN’s Large Hadron Col-
lider [26,27], the discovery of h represent the completion of the SM as its last unknown parameter.
Presently, the best combination measurement of the Higgs mass is [28]
mATLAS+CMSH = 125.09 ± 0.21 (stat.)± 0.11(syst.). (1.203)
Direct measurements of the Higgs self-coupling have not been achieved at the time of this writing.
Taking the central value of mH , it is predicted to be
λ =
m2H
2v2
=
1√
2
m2HGF ≈ 0.129 ≈
1
8
. (1.204)
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Figure 3: Feynman vertex rules for h− h− V − V (L) and h− V − V (C), V =W±, Z, in the SM
after EWSB. (R) W/Z mass.
The elementary boson content of the SM after EWSB is summarized in Table 2.
Before introducing the fermionic content of the SM, we return to the similarity of MW andMZ .
1.7.2 Custodial Symmetry
Recalling the definitions MW and MZ , we have
M2W ≡
g2W v
2
4
(1.205)
M2Z ≡
g2Zv
2
4
=
(g2W + g
2
Y )v
2
4
, (1.206)
which means that the mass ratio of the two is a measure of how much, or how little, the isospin
and hypercharge groups rotate into each other during EWSB:
M2W
M2Z
=
g2W
g2W + g
2
Y
= cos θ2W . (1.207)
In the zero mixing limit, which arises from either YΦ = 0 or a negligibly small gY , the W and
Z bosons masses converge. From this, the observable ρ, also called the ρ-parameter, can be con-
structed. At tree-level in the SM, the ρ-parameter is defined to be
ρ ≡
M2W
M2Z cos
2 θW
= 1, (1.208)
changes very little under radiative corrections [23]. This stability is due to custodial symmetry. In
the SM, the Higgs field obeys an approximate global SU(2)L×SU(2)R symmetry, and is exact in
the zero hypercharge limit. After EWSB, the (approximate) left-right symmetry breaks down to
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an (approximate) vector symmetry, i.e.,
SU(2)L × SU(2)R → SU(2)V , (1.209)
thereby ensuring a near mass degeneracy among the gauge bosons.
However, it is straightforward to see how drastically ρ can change in the presence of new
scalars participating in EWSB. Supposing it were the case that many complex scalars, all gauged
under SU(2)L×U(1)Y , acquire various vevs. For such a scalar Φi in weak isospin representation Tˆi
with weak isospin charge Ti, only its electrically neutral component, φ
0 can acquire a nonzero vev
vi ≡ 〈φi〉 in order to preserve electromagnetism. As the electric charge is given by Qφ = T 3i +Yi/2, it
goes to show that Yi = −2T 3i for each participating scalar, where T 3i is the isospin of the electrically
neutral component φ0i . For reference, in the SM, the Higgs field Φ is an SU(2)L double with isospin
charge T = 1/2; its electrically neutral component φ0 has isospin T 3 = −1/2 and vev
v =
√
2〈Φ〉 = 〈φ0〉, (1.210)
where
Φ =

 φ+
1√
2
(
φ0 + iφ3
)

 . (1.211)
The covariant derivate acting on a generic Φi at its minimum is then
DµΦi → Dµvi =
[
igW√
2
(
W+µ Tˆ
+
i +W
−
µ Tˆ
−
i
)
+ igZZµTˆ
3
i
]
vi, (1.212)
which implies a kinetic term
(DµΦi)
†(DµΦi)→ (Dµvi)†(Dµvi) =
[
g2W
2
W µ−W+µ
(
Tˆ−i Tˆ
+
i + Tˆ
+
i Tˆ
−
i
)
+ g2Z
(
Tˆ 3i
)2
ZµZµ
]
v2i
Following the usual ladder operator algebra, we have
Tˆ±i Tˆ
∓
i |vi〉 = Tˆ±i Tˆ∓i |Ti, T 3i 〉 (1.213)
=
√
Ti(Ti + 1)− T 3i (T 3i ∓ 1)Tˆ±i |Ti, T 3i ∓ 1〉 (1.214)
=
√
Ti(Ti + 1)− T 3i (T 3i ∓ 1)
√
Ti(Ti + 1)− (T 3i ∓ 1)T 3i |Ti, T 3i 〉 (1.215)
=
[
Ti(Ti + 1)− T 3i (T 3i ∓ 1)
] |Ti, T 3i 〉, (1.216)
indicating that for the W boson, we have
(
Tˆ−i Tˆ
+
i + Tˆ
+
i Tˆ
−
i
)
vi = 2
[
Ti(Ti + 1)− (T 3i )2
]
vi. (1.217)
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Similarly,
(Tˆ 3i )
2vi = (T
3
i )
2vi. (1.218)
The kinetic term for φ now simplifies to
(Dµvi)
†(Dµvi) =
[
g2W v
2
i
(
Ti(Ti + 1)− (T 3i )2
)
W µ−W+µ + g
2
Zvi(T
3
i )
2ZµZµ
]
. (1.219)
Summing over all vev-acquiring fields Φi, the total kinetic term gives
LKinetic =
∑
i
(DµΦi)
†(DµΦi) ∋
∑
i
(Dµφ0i )
†(Dµφ0i )→
∑
i
(Dµvi)
†(Dµvi) (1.220)
=
∑
i
[
g2W v
2
i (Ti(Ti + 1)− (T 3i )2)
]
︸ ︷︷ ︸
M2W
W µ−W+µ +
1
2
2
∑
i
[
g2Zv
2
i (T
3
i )
2
]
︸ ︷︷ ︸
M2Z
ZµZµ, (1.221)
giving us expressions for MW and MZ in terms of the various vi and isospins
M2W =
∑
i
g2W v
2
i
(
Ti(Ti + 1)− (T 3i )2
)
, (1.222)
M2Z = 2
∑
i
g2Zv
2
i (T
3
i )
2. (1.223)
The ρ-parameter for an arbitrary number of Higgs doublets is then given by
ρ ≡
M2W
M2Z cos
2 θW
=
∑
i
[
g2W v
2
i (Ti(Ti + 1)− (T 3i )2)
]
2
∑
i
[
g2Zvi(T
3
i )
2
]
cos2 θW
(1.224)
=
∑
i v
2
i
[
Ti(Ti + 1)− (T 3i )2
]
2
∑
i v
2
i (T
3
i )
2
(1.225)
As MW , MZ , and cos θW in Eq. (1.208) can be measured independently, ρ represents a high-
precision into the EW sector and the origin of EWSB. Accounting for smalls radiative corrections,
labeled by ρˆ, the best measurement for ρ is given by [25]
ρ0 ≡ ρ
ρˆ
=
M2W
M2Z cos
2 θW ρˆ
= 1.00040 ± 0.00024, (1.226)
and is consistent with the SM at 1.67σ. An proxy test of custodial symmetry is measuring the
branching fraction ratios of Higgs boson decays to weak bosons.
As we saw in Eq. (1.180) as well as in Fig. 3, the three-point hV V and four-point hhV V
couplings are proportional to the amount of mixing between the isospin and hypercharge bosons.
In the vanishing gY limit, the two couplings for WW and ZZ become identical.
λWZ =
BR(H →WW )
BRSM (H →WW )×
BRSM (H → ZZ)
BR (H → ZZ) ∼
g2hWW
g2 SMhWW
×
g2 SMhZZ
g2hZZ
(1.227)
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Measurements by ATLAS [29] and CMS [30] find it consistent with SM prediction of 1
λATLASWZ = 0.81
+0.16
−0.15, (1.228)
λCMSWZ = 0.94
0.22
−0.18. (1.229)
1.8 FERMION SECTOR OF THE STANDARD MODEL
The SM is a theory of massless, chiral fermion that are coupled through Yukawa interactions and
interact via the exchange of gauge bosons. We now introduce the SM fermionic sector, their gauge
and Yukawa interactions, and their spontaneous generation of mass.
1.8.1 Fermion Content
We first denote the LH (RH) components of a Dirac fermion ψ by
ψL(R) ≡ PL(R)ψ ≡
1
2
(14 ∓ γ5)ψ, (1.230)
where PL(R) is the chiral projection operator, and under charge conjugation one has
ψcL ≡ (ψc)L = (ψR)c. (1.231)
All known (anti)fermionic states that are gauged under a non-Abelian group are charged in a
(anti)fundamental representation of the gauge group. The absoluteness of this statement is of
much interest and speculation.
The fermionic content of the SM consists of the LH states
QαIL =

uαIL
dαIL

 , LIL =

νIL
eIL

 , (1.232)
and the RH states
uαIR , d
αI
R , e
I
R. (1.233)
The LH objects are arranged to make manifest that they satisfy an SU(2) (weak isospin) gauge
symmetry. The lowercase Greek index α = 1, . . . , Nc = 3 denote SU(3) (color) indices. The capital
Roman index I = 1, . . . 3 represent that there are three copies of these fields called generations, or
sometimes families. The ordering is such that generation-n fields have smaller Yukawa couplings
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Table 3: Matter Content of the Standard Model
Species Symbol SU(3)C × SU(2)L ×U(1)Y Rep. U(1)EM Charge [Units of e > 0]
Quark QL =

uL
dL

 (3,2,+13 )

+2/3
−1/3


Quark uR (3,1,+
4
3 ) +2/3
Quark dR (3,1,−23 ) −1/3
Lepton LL =

νL
eL

 (1,2,−1)

 0
−1


Lepton eR (1,2,−2) −1
(masses) than generation-(n + 1) fields. Despite the wide body of literature, and despite its sug-
gestive structure, presently there is no confirmed “theory of generations”. Measurements of Higgs
boson properties indicate that additional generations, if they exist and obtain their from the Higgs
fields, must be very massive [31]. For a fixed generation, each of the seven fields posses a unique
charge under U(1)Y hypercharge. However, for a fixed generation, the sum of all hypercharges is
identically zero, thereby rendering it “anomaly free” [6]. As gauge quantum number assignments
are independent of generation, this cancellation holds for each generation.
The SU(3)-colored fields QL, uR, dR are called quarks, and the SU(3)-neutral fermions LL, eR
are the leptons. Leptons are further categorized into (electrically) charged leptons
eIL, e
I
R, (1.234)
and (electrically) neutral leptons or neutrinos
νIL. (1.235)
Though not used there, the notation
qαiIL , ℓ
iI
L , (1.236)
is very often found to denote LH quark and lepton doublets with SU(2)L index i = 1, 2.
The identity of each of the four LH fields in Eq. (1.232) is referred to as flavor. Accounting
for three generations, there are 12 flavors in total. The RH analogs of Eq. (1.232), if they exist,
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have the same flavor, e.g., eI=1L is the LH electron and e
I=1
R is the RH electron. When speaking of
a particular particle species across generations, the qualifier type is used, e.g., a u-type or up-type
quark represents
uα,IL , u
αI
R for I = 1, . . . , 3. (1.237)
The SM elementary fermion content is summarized in Table 3.
There are no RH neutrinos, N IR, in the SM.
1.8.2 Fermion Lagrangian
The last piece of the SM Lagrangian [Eq. (1.135)] is the fermionic contribution, given by
LFermion = LFermion Kin. − VYukawa (1.238)
where the kinetic term is given by
LFermion Kin. = QβIL i 6DβαQαIL + LILi 6DLIL
+uβIR i 6DβαuαIR + d
βI
R i 6DβαdαIR + eIRi 6DeIR (1.239)
and Yukawa potential by
VYukawa = y
JI
u Q
αJ
L Φ˜u
αI
R + y
JI
d Q
αJ
L Φd
αI
R + y
JI
e L
J
LΦ˜e
I
R +H.c. (1.240)
We unpack Eq. (1.238) by first listing the covariant derivatives explicitly using Eq. (1.170):
6DβαQαL =
[
δβα∂µ + igsG
a
µ(Tˆ
a)βα + δβα
igW√
2
(
W+µ Tˆ
+
L +W
−
µ Tˆ
−
L
)
+δβαieAµQˆ+ δ
βαigZZµ
(
Tˆ 3L − sin2 θW Qˆ
)]
γµQαL
6DLL =
[
∂µ +
igW√
2
(
W+µ Tˆ
+
L +W
−
µ Tˆ
−
L
)
+ ieAµQˆ+ igZZµ
(
Tˆ 3L − sin2 θW Qˆ
)]
γµLL
6DβαuαR =
[
δβα∂µ + igsG
a
µ(Tˆ
a)βα + δβαieAµQˆ− δβαigZ sin2 θWZµQˆ
]
γµuαR
6DβαdαR =
[
δβα∂µ + igsG
a
µ(Tˆ
a)βα + δβαieAµQˆ− δβαigZ sin2 θWZµQˆ
]
γµdαR
6DeR =
[
∂µ + ieAµQˆ− igZ sin2 θWZµQˆ
]
γµeR
The index a = 1, . . . (N2c −1) = 8 denotes the SU(3) color generator (in the adjoint representation).
In the Yukaway potential, Φ is the scalar doublet introduced in Section 1.7. The field Φ˜ is its
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“isospin-hypercharge” conjugate, defined by
Φ˜ ≡ iσ2Φ∗ =

 0 1
−1 0



 φ+
1√
2
(φ0 + iφ3)

 =

 1√2(φ0 − iφ3)
−φ−

 . (1.241)
yJIf are the 3× 3 Yukawa coupling matrices for a fermion species f in generation space, e.g., b- or
t-type quarks. Equation (1.238) will be explored in considerable depth throughout the remaining
chapters. For now, we focus on how LFermion changes as Φ acquires its vev.
1.8.3 Electroweak Symmetry Breaking II: Fermion Masses
To break EW symmetry in the fermion sector with the Higgs field, we follow the (by now) standard
procedure of setting Φ equal to its vev and considering perturbative fluctuations (h) around it. We
consider the up-type interaction as an example and see
yJIu Q
αJ
L Φ˜u
αI
R = y
JI
u
(
uαJL d
αJ
L
) 1√2(v + h)
0

uαIR = yJIu√
2
uαJL (v + h)u
αI
R . (1.242)
In the last term of Eq. (1.242) we see two very interesting terms: (i) a three-point point coupling
between left- and right-handed fields of the same species type mediated by a Higgs radiation, and (ii)
a two-point coupling between left- and right-handed fields proportional to a dimensionful parameter.
The second term should be identified as a fermion mass term that has been spontaneously by the
Higgs field. Making the definition
mJIf ≡ yJIf 〈Φ〉 =
yJIf√
2
v , (1.243)
we now have
yJIu Q
αJ
L Φ˜u
αI
R +H.c = m
JI
u u
αJ
L u
αI
R +
mJIu
v
uαJL u
αI
R h+H.c. (1.244)
Applying this systematically, we obtain masses for all SM fermions with RH partners:
VYukawa = m
JI
u u
αJ
L u
αI
R +m
JI
d d
αJ
L d
αI
R +m
JI
e e
J
Le
I
R
+
mJIu
v
uαJL u
αI
R h+
mJId
v
d
αJ
L d
αI
R h+
mJIe
v
eJLe
I
Rh+H.c (1.245)
Having broken EW symmetry in the fermion sector, we find ourself at another interesting junc-
tion. Our fermion Lagrangian LFermion was written in terms of massless chiral/gauge eigenstates.
However, as the broken Lagrangian now only respects
SU(3)c ×U(1)EM , (1.246)
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we may conclude that our massive fermion states as they are presently written may no longer be
aligned with their mass eigenstates.
1.8.4 Quark and Lepton Mass Mixing
Like in the gauge sector, fermionic gauge states and mass eigenstates before EWSB were aligned.
We no long have this luxury and must rotate our states out of the gauge basis in order to obtain
mass eigenstates, which are necessary to discuss particle scattering.
Generically, we may decompose our LH and RH chiral fields into mass eigenstates with a unitary
transformation: 

u1
u2
u3


L(R)︸ ︷︷ ︸
Chiral Basis
= UL(R)


u
c
t


L(R)︸ ︷︷ ︸
Mass Basis
,


d1
d2
d3


L(R)︸ ︷︷ ︸
Chiral Basis
= DL(R)


d
s
b


L(R)︸ ︷︷ ︸
Mass Basis
, (1.247)


e1
e2
e3


L(R)︸ ︷︷ ︸
Chiral Basis
= EL(R)


e
µ
τ


L(R)︸ ︷︷ ︸
Mass Basis
, (1.248)
Our mass and Yukawa matrices mJIf and y
JI
f can now be diagonalized
Mu = U−1L muUR =


mu 0 0
0 mc 0
0 0 mt

 = v√2


yu 0 0
0 yc 0
0 0 yt

 (1.249)
Md = D−1L mdDR =


md 0 0
0 ms 0
0 0 mb

 = v√2


yd 0 0
0 ys 0
0 0 yb

 (1.250)
Me = E−1L meER =


me 0 0
0 mµ 0
0 0 mτ

 = v√2


ye 0 0
0 yµ 0
0 0 yτ

 . (1.251)
This allows us to rewrite the Yukawa interactions and mass terms of Eq. (1.245) compactly as
VYukawa = mffLfR +
mf
v
fLfRh+H.c, mf =
yfv√
2
, (1.252)
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Table 4: Masses of the Elementary Standard Model Fermions [25]
Quark Generation
I II III
Species Mass [MeV] Species Mass [GeV] Species Mass [GeV]
Up (u) 2.3+0.7−0.5 Charm (c) 1.275 ± 0.025 Top (t) 173.21 ± 0.51
Down (d) 4.8+0.5−0.3 Strange (s) 0.95 ± 0.05 Bottom (b) 4.18± 0.03
Lepton Generation
I II III
Species Mass Species Mass Species Mass
Electron-
< 2 eV
Muon-
< 0.19 MeV
Tau-
< 18.2 MeV
Neutrino (νe) Neutrino (νµ) Neutrino (ντ )
Electron (e)
510.998928±
Muon (µ)
105.6583715±
Tau (τ)
1.77682±
0.000011 KeV 0.0000035 MeV 0.00016 GeV
for f = u, d, c, s, t, b, e, µ, τ , and repeated color indices are implicit for quarks. In Table 4,
we summarize the SM fermion content after EWSB, in the mass eigenbasis, along with the most
precise measurements of their masses presently available.
At this point, it is worth noting that as the Higgs-vector boson couplings originate from the
Higgs kinetic term and as Higgs-fermion couplings originate from the Yukawa potential, which are
subtracted from kinetic terms in the Lagrangian formalism. Thus, the hV V and hff couplings
differ by a relative minus sign. An analysis of h → γγ decays, which is mediated at LO by the
interference between a W boson and t quark loop, and therefore sensitive to this sign difference,
concludes that Higgs boson data is consistent with the SM description [32].
For QCD, QED, and Z interactions, as the coupling vertex have the structure
uαLγ
µuL = u
′α
L U
−1
L γ
µULu
′
L = u
′α
L γ
µu
′
L, (1.253)
we see that the currents are flavor-conserving, and that the interaction basis is still aligned with
the mass basis. Thus, they need not be discussed further. We now explore what consequences this
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rotation in flavor space has on our charged current interactions. Recalling the covariant derivatives
from above, we have
Q
β
Li 6DβαIQαL ∋ QαLi
[
δβα
igW√
2
(
W+µ Tˆ
+
L +W
−
µ Tˆ
−
L
)]
γµQαL (1.254)
= δβα
−gW√
2
(
W+µ u
β
Lγ
µdαL +W
−
µ d
β
Lγ
µuαL
)
. (1.255)
Rotating into the mass basis, we get
Q
β
Li 6DβαIQαL ∋ δβα
−gW√
2
(
W+µ u
′β
Lγ
µ
(
U−1L DL
)
d
′α
L +W
−
µ d
′β
Lγ
µ
(
D−1L UL
)
u
′α
L
)
. (1.256)
Defining the matrix V such that
V ≡ U−1L DL , (1.257)
our flavor-changing charged currents with (small) intergenerational mixing are governed by
Q
β
Li 6DβαIQαL ∋ δβα
−gW√
2
(
W+µ u
β
Lγ
µVudd
α
L +W
−
µ d
β
Lγ
µV †udu
α
L
)
, (1.258)
where uL and dL now represents mass eigenstates. V is the Cabbibo-Kobayashi-Maskawa (CKM)
matrix [33,34]. As a 3× 3 unitary matrix, it expressible by three angles and a phase:
V CKM =


Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb


=


1 0 0
0 cos θ23 sin θ23
0 − sin θ23 cos θ23




cos θ13 0 sin θ13e
−iδ13
0 1 0
− sin θ13e−iδ13 0 cos θ13




cos θ12 sin θ12 0
− sin θ12 cos θ12 0
0 0 1

 .
The presence of the complex phase δ13 6= 0 in CKM indicates CP violation in weak interactions.
The best measurements available at the time of this writing of V CKM are given in Table 5 [25].
Other useful parameterizations can also be found in Ref. [25] and references within.
Gauge invariance bars gluons and photons to undergo flavor changing neutral currents (FCNCs),
even at the higher orders of perturbation. However, as the Z is not associated with a good local
symmetry, off-diagonal elements of U−1L UL may be generated at the loop-level, a process known
as the Glashow-Iliopoulos-Maiani (GIM) mechanism [35]. These FCNCs processes, however, face
both coupling and phase space suppression.
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Table 5: Components of CKM Matrix
|Vud| = 0.97425 ± 0.00022 |Vus| = 0.2253 ± 0.0008 |Vub| = (4.13 ± 0.49) × 10−3
|Vcd| = 0.225 ± 0.008 |Vcs| = 0.986 ± 0.016 |Vcb| = (41.1 ± 1.3)× 10−3
|Vtd| = (8.4 ± 0.6) × 10−3 |Vts| = (40.0 ± 2.7) × 10−3 |Vtb| = 1.021 ± 0.032
Jarlskog invariant J = 3.06+0.21−0.20 × 10−5
1.9 BEYOND THE STANDARD MODEL
In this chapter we have introduced global and local continuous symmetries as well as their sponta-
neous breakdown via the acquiring of a nonzero vacuum expectation value by a scalar field. Building
on these principles, we constructed the Standard Model of particle physics. However, despite the
SM’s experimental success, it remains an unsatisfactory description of nature. The existence of
nonzero neutrino masses, dark matter, a large hierarchy among fermion masses, and a Higgs boson
whose mass is unstable under radiative corrections highlight the theory’s shortcomings. Extensions
of the SM that alleviate these issues vary in size and scope, but commonly predict, among new prin-
ciples and symmetries, the existence of new gauge bosons (e.g., Left-Right Symmetry), new scalars
(e.g., Supersymmetry), and new fermions (e.g., Seesaw Mechanisms). In the following chapters,
we will explore several such models, including more phenomenological, semi-model-independent
approaches, and derive testable consequences.
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2.0 PRINCIPLES OF COLLIDER PHYSICS
2.1 INTRODUCTION
Collider physics and phenomenology explore the manifestation of the SM in high energy and high
momentum transfer scattering experiments. It is a deeply rich and enjoyable subject that incor-
porates perturbative, non-perturbative (all-orders summed and effective field theory), and compu-
tational techniques in order to simulate with a reasonably high degree of accuracy the results of
lepton-lepton, lepton-hadron, and hadron-hadron collisions. In this chapter, we introduce many
fundamental topics of collider physics. Many excellent texts on the topic are available, in particular
the classic Barger & Phillips [36] as well as lectures by Han [37] and Willenbrock [38]. The texts
Halzen & Martin [24] and Thomson [39] provide an excellent introduction to the field, providing
an inordinately large number of useful examples.
2.2 HELICITY AMPLITUDES
We start our study of collider phenomenology with the introduction of helicity amplitudes and
helicity eigenstates for representations of the Lorentz group. The theory of scalars, spin one-half
fermions, and vector bosons as irreducible representations of the Lorentz group is a very important
topic. A rigorous construction from first principles can be found in Weinberg [40]. We now briefly
review spin one-half fermions and spin-one bosons. As spin-zero bosons are a trivial representations
of the Lorentz group, they transform as scalars; no review of their properties is needed.
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2.2.1 Spin One-Half Fermions
To construct the explicit forms of Dirac spinors in the helicity basis, we suppose a fermion prop-
agating in the direction pˆ0 relative to its quantized spin axis. Along this direction, the helicity
operator Σ is defined as
Σ ≡ σ · pˆ0 =

 pˆ30 pˆ10 − ipˆ20
pˆ10 + ipˆ
2
0 −pˆ30

 =

 cos θ e−iφ sin θ
eiφ sin θ − cos θ

 . (2.1)
The corresponding helicity eigenstates are the two-component solutions χλ(pˆ0) to the relationship
Σ χλ(pˆ0) = λχλ(pˆ0), (2.2)
the eigenvalues of which are λ = ±1 and twice the fermion’s actual helicity. Conventionally, when
the direction of propagation is (anti-)parallel to the spin axis, which results in the eigenvalue
λ = (−)1, we refer to the state as being in its (left-) right-handed helicity eigenstate.
Fixing the spin quantization axis with a definite direction, say zˆ, the fermion is aligned with its
spin axis when pˆ0 = ±zˆ. In such a situation, the four solutions to Eq. (2.2) are
χλ=+1(zˆ) =

1
0

 , χλ=−1(zˆ) =

0
1

 , χλ=+1(−zˆ) =

0
1

 , χλ=−1(−zˆ) =

−1
0

 . (2.3)
Boosting our fermion to an arbitrary reference frame
pµ = (E0, 0, 0, |~p0|)→ p′µ = pµ = (E, |~p| sin θ cosφ, |~p| sin θ sinφ, |~p| cos θ), E2 = |~p|2 +m2 (2.4)
the two-component eigenstates are
χλ=+1(pˆ) =
1√
2|~p|(|~p|+ pz)

 |~p|+ pz
px + ipy

 =

 cos θ2
eiφ sin θ2

 (2.5)
χλ=−1(pˆ) =
1√
2|~p|(|~p|+ pz)

−px + ipy
|~p|+ pz

 =

−e−iφ sin θ2
cos θ2

 (2.6)
χλ(−pˆ) = −λeiλφχ−λ(pˆ). (2.7)
The four-component Dirac spinors for a fermion (uλ) and antifermion (vλ) can now be constructed:
uλ(p) =

√E − λ|~p|χλ(pˆ)√
E + λ|~p|χλ(pˆ)

 , vλ(p) =

−λ√E + λ|~p|χ−λ(pˆ)
λ
√
E − λ|~p|χ−λ(pˆ)

 . (2.8)
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2.2.1.1 Properties of Dirac Spinors In the high-energy limit, when E ≫ m, degrees of
freedom are decoupled and the Dirac spinors simplify to
uλ=+1(p) ≈
√
2E

 0
χλ=+1(pˆ)

 uλ=−1(p) ≈ √2E

χλ=−1(pˆ)
0

 (2.9)
vλ=+1(p) ≈ −
√
2E

χλ=−1(pˆ)
0

 . vλ=−1(p) ≈ √2E

 0
χλ=+1(pˆ)

 . (2.10)
In this limit, uλ and vλ are found to be eigenstates of the chiral projection operators
PL =
1
2
(1− γ5), and PR = 1
2
(1 + γ5) (2.11)
In particular, the LH fermion and RH antifermion helicity states are LH chiral states
PLuλ=−1, vλ=+1 = uλ=−1, vλ=+1; (2.12)
and the RH fermion and LH antifermion helicity states are RH chiral states
PRuλ=+1, vλ=−1 = uλ=−1, vλ=+1. (2.13)
It is in this limit that chirality and helicity become equivalent.
2.2.2 Spin-One Vector Bosons
Massive and massless vector bosons are of central importance to broken and unbroken gauge the-
ories, and QFTs in general. Indeed, a non-Abelian gauge theory without additional fermions or
scalars represents an entirely nontrivial, self-consistent and self-contained theory with predictive
scattering rates. Consider a vector boson with mass MV and momentum
kµ = (E, kx, ky, kz) = (E, |~k| sin θ cosφ, |~k| sin θ sinφ, |~k| cos θ) (2.14)
= (E, kT cosφ, kT sinφ, |~k| cos θ), E2 =M2V + |~k|2. (2.15)
The transverse momentum is defined by
kT =
√
k2x + k
2
y = |~k| sin θ. (2.16)
In the MV → 0 limit, we have
kµ = (E, kx, ky , kz) = E(1, sin θ cosφ, sin θ sinφ, cos θ) (2.17)
= (E,ET cosφ,ET sinφ,E cos θ), ET = E sin θ, (2.18)
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with transverse energy ET .
The polarization vectors in the Cartesian representation are given by
εµ(k, x) =
1
|~k|kT
(0, kxky, kykz,−k2T ) (2.19)
εµ(k, y) =
1
kT
(0,−ky , kx, 0) (2.20)
εµ(k, z) =
E
MV |~k|2
(
|~k|
E
, kx, ky , kz
)
(2.21)
Checking, we have that the expected orthogonal relationships
kµε
µ(k, x) =
1
|~k|kT
(0−k2xky − k2ykz︸ ︷︷ ︸
−k2T kz
+ kzk
2
T ) = 0 (2.22)
kµε
µ(k, y) =
1
kT
(0 + kxky − kykx + 0) = 0 (2.23)
kµε
µ(k, z) =
E
MV |~k|
(
|~k|2
E
E − k2x − k2y + k2z
)
= 0 (2.24)
In the polar representation, the right- (λ = +1), left- (λ = −1), and longitudinal (λ = 0)
polarization vectors are
εµ(k, λ = ±) = 1√
2
(∓εµ(k, x) − iεµ(k, y)) , (2.25)
εµ(k, λ = 0) = εµ(k, z). (2.26)
As these are (at most) linear redefinitions of the Cartesian polarization vectors, inner product
relationships hold. For massless vector bosons, there are no longitudinal polarization states.
2.2.3 Decay of Heavy Fermionic Top Quark Partner
Hypothetical, TeV-scale top quark partners represent an excellent example that highlights the
differences between chirality and helicity, as well as the interesting roles played by the transverse
and longitudinal polarizations of gauge bosons. Such particles are proposed to cancel the large
quadratic corrections the SM Higgs’ mass receives from the top quark at 1-loop. In these models,
the SM gauge state tL is decomposed into light (∼ 173 GeV) and heavy (& 1 TeV) mass eigenstates,
denoted as t and T , respectively. The alignment of the top quark gauge state and the mass
eigenstates can be (phenomenologically) parameterized by the angle θt :
tL︸︷︷︸
Gauge Basis
≃ cos θtt+ sin θtT︸ ︷︷ ︸
Mass Basis
. (2.27)
43
The corresponding charged current Feynman rules are then given by
tWb :
−ig√
2
V ∗tb cos θt (2.28)
TWb :
−ig√
2
V ∗tb sin θt (2.29)
Qualitatively, θt ∼ mt/mT , and thus in the large mT limit T decouples from the SM.
For the heavy top partner decay into a massive SM W boson and bottom quark,
Tτ (pT )→W+λ (pW ) + bτ ′(pb), (2.30)
with helicities τ, τ ′ = L,R and polarizations λ = ±, 0, the helicity amplitudes are generically
Mλτ ′τ = −ig√
2
V ∗tb cos θt [uτ ′(pb)6ε∗λ(pW )PLuτ (pT )]. (2.31)
In the rest frame of T , the momenta are
pT = (mT ,~0) (2.32)
pb = (Eb, |~pb| sin θ cosφ, |~pb| sin θ sinφ, |~pb| cos θ) (2.33)
pW = (EW ,−|~pb| sin θ cosφ,−|~pb| sin θ sinφ,−|~pb| cos θ) (2.34)
Eb =
mT
2
(1 + rb − rW ), |~pb| = mT
2
(1− rb − rW ), EW = mT
2
(1 + rW − rb), (2.35)
where rX = m
2
X/m
2
T . Omitting a universal factor of
(−igV ∗tb cos θt/√2), the orthogonal helicity
amplitudes for transverse W bosons are
M−LL = mT
√
2(1 − rW ) sin θ
2
, M−LR = mT
√
2(1− rW )eiφ cos θ
2
(2.36)
M+RL = −mT
√
2rbe
−iφ cos
θ
2
M+RR = mT
√
2rb sin
θ
2
(2.37)
M+LL =M−LR = M+LR =M−RR = 0 (2.38)
Several appreciable lessons can be learned from these expressions. In the helicity-conserving cases
(λτ ′τ) = (−LL) and (+RR), zero angular momentum can be carried away by the transversely
polarized W when the bottom quark is aligned with its parent fermion. Thus, the amplitudes
vanish as θ tends toward zero. Conversely, this is precisely when the helicity-flipping amplitudes
(λτ ′τ) = (−LR) and (+RL) are maximal. As W radiation is a purely LH chiral coupling, the PL
projection operator in Eq. (2.28) collects terms proportional to mb = mT
√
rb from RH (helicity)
bottom quarks. Therefore as the bottom quark is taken massless, its chiral and helicity states align,
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and contributions from RH bottom quarks, i.e., (λτ ′τ) = (+RL) and (+RR), turn off. By angular
momentum conservation, the remaining amplitudes for transverse W bosons are identically zero.
Omitting the same coupling factor, the helicity amplitudes for a longitudinally polarized W are
M0LL = mT
2
√
1− rW
rW
(
1− rb+ rW + λ1/2(1, rb, rW )
)
cos
θ
2
(2.39)
M0LR = −mT
2
√
1− rW
rW
(
1− rb+ rW + λ1/2(1, rb, rW )
)
eiφ sin
θ
2
(2.40)
M0RL = −mT
2
√
rb
rW
(
1− rb+ rW − λ1/2(1, rb, rW )
)
e−iφ sin
θ
2
(2.41)
M0RR = −mT
2
√
rb
rW
(
1− rb+ rW − λ1/2(1, rb, rW )
)
cos
θ
2
, (2.42)
where λ(x, y, z) is the usual kinematic function and simplifies to
λ(1, rb, rW ) = 1− 2(rb + rW ) + (rb − rW )2. (2.43)
The most striking feature of these amplitudes is the inverse dependence on the W boson mass,
which leads to a quadratic growth with respect to mT in the case of LH (helicity) bottom quarks.
Its origin is in the zeroth component of the W polarization vector,
ελ=0µ=0 = EW /MW ∼ mT /2MW . (2.44)
IfmT is the result of some Higgs-like mechanism, then it can generically be written as as the product
of a Yukawa coupling and scalar vev: mT ∼ yTvT . We see now that εµ=0 ∼ mT /2MW ∼ yTvT /gv.
In other words, for a fixed ratio of vevs, fermionic decays to longitudinally polarized gauge bosons
is a measure of the relative coupling strength to their respective Higgs sectors. In the large mT
limit, these amplitudes become the dominant contributions to the T quark decay, a phenomenon
known as longitudinal polarization enhancement, and has observed in SM top quark decays [41].
2.3 PHASE SPACE
Phase space, abbreviated by PS, is far-reaching concept in physics. It is the set of all allowed
configurations in which a system may exist and not forbidden by a symmetry (conservation law).
The volume of phase space is a measure of how many unique configurations a system possesses:
more available states correspond to a larger phase space volume.
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In momentum space, the n−body differential phase space with a total momentum PTot. is
dPSn(PTot; p1, p2 . . . pn) = (2π)
4δ4
(
PTot −
n∑
k=1
pk
)
n∏
k=1
d3pk
(2π)32Ek
(2.45)
In Eq. (2.45), the Dirac function enforces momentum conservation. For the 1−, 2− and 3−body
configurations, the number of d.o.f. are sufficiently constrained by momentum conservation that
the differential phase space can be reasonably expressed analytically. For situations with weakly
coupled (narrow width) particles propagating intermediately as well as n ≥ 4-body systems, it is
helpful to apply the phase space recursion relationship, given in Section 2.3.5. When the former is
coupled with the narrow width approximation (NWA), on-shell factorization can be applied.
For two-body processes, the Ka¨llen kinematic function, also called the “λ” function, is of con-
siderable use and is given by
λ(x, y, z) = (x− y − z)2 − 4yz = x2 + y2 + z2 − 2xy − 2xz − 2yz. (2.46)
Quite often, we deal with arguments normalized to the leading variable
λ
(
1,
y
x
,
z
x
)
=
(
1− y
x
− z
x
)2
− 4yz
x2
=
1
x2
[
(x− y − z)2 − 4yz] (2.47)
=
1
x2
λ(x, y, z) (2.48)
=⇒ λ1/2(x, y, z) = xλ1/2
(
1,
y
x
,
z
x
)
. (2.49)
Physically, for momentum pi and ri = p
2
i /P
2
Tot. is the mass ratio (squared) of momentum i = 1, 2
and c.m. mass
√
P 2Tot., λ
1/2(1, r1, r2) can be interpreted as speed of i = 1 and i = 2 in the parent
PTot. frame. It is then the case that
|~pi| = ETot
2
β =
ETot
2
λ1/2(1, r1, r2). (2.50)
2.3.1 One-Body Phase Space
The one-body final state is a very special scenario because the invariant mass of the final-state
momentum must equal the total c.m. energy by momentum conservation. Consider a state with
4-momentum p1 and mass m1. It follows that∫
dPS1 = (2π)
4
∫
d3p1
(2π)32E1
δ4(PTot. − p1) (2.51)
= (2π)
∫
d4p δ(p21 −m21) δ4(PTot. − p1) (2.52)
= 2π δ(sˆ −m21), (2.53)
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where we have applied the relationship
∫
d3p1
2E1
=
∫
d4p1 δ(p
2
1 −m21). (2.54)
and introduced the Mandelstam collider variable
sˆ = P 2Tot., (2.55)
Quantities labeled by the caret (ˆ ), colloquially called “hat”, denote partonic quantities within
composite system. Most often this is applied to parton scattering in hadron-hadron and hadron-
lepton collisions, it also applied to parton scattering in lepton-lepton collisions when objects are
convolved about distribution functions; for example, see Section 2.6.
2.3.2 Solid Angle in d Dimension
The derivations of compact expressions for two- and three-body phase space volume elements
differ little from their d-dimensional analogs. By introducing this slight but nonetheless additional
complexity, we can greatly reap the benefits of having results applicable to higher order calculations.
The solid angle volume element for a k-sphere in d-dimensions is given by
ddΩk = [dθ1 . . . dθk−1]
[
sink−2 θk−1 . . . sin θ2
]
, θi ∈ (0, π). (2.56)
We separate the volume element into 2-angle and (k − 2)-angle orientations to obtain
ddΩk =
(
dθk−1 sink−2 θk−1
)(
dθk−2 sink−3 θk−2
)
[dθ1 . . . dθk−3]
[
sink−4 θk−3 . . . sin θ2
]
(2.57)
=
(
dθk−1 sink−2 θk−1
)(
dθk−2 sink−3 θk−2
)
× dΩk−2. (2.58)
For a k-sphere, the integrated solid angle is
Ωk =
2(π)k/2
Γ
(
k
2
) E.g.=


2, for k = 1
2π, for k = 2
4π, for k = 3
(2.59)
Integrating over the (k − 2) space and relabeling our variables, we get
dΩk =
(
dθ sink−2 θ
)(
dφ sink−3 φ
) 2(π)k−22
Γ
(
k−2
2
) , θ, φ ∈ (0, π). (2.60)
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2.3.3 Two-Body Phase Space in d and 4 Dimensions
For a 2-body phase in d dimensions, we have
ddPS2(PTot; p1, p2) = (2π)
dδd (PTot − p1 − p2) d
d−1p1
(2π)d−12E1
dd−1p2
(2π)d−12E2
, (2.61)
Integrating (without the loss of generality) over the p2 momentum, we have
ddPS2(PTot; p1, p2) =
δ(u)du
22(2π)d−2
δ (ETot − E1 − E2) d|~p1| |~p1|
d−2
E1E2
dΩp1d−1. (2.62)
Now, defining u = E1 + E2 − ETot and taking note that |~p1| = |~p2|, we get
du =
|~p1|d|~p1|
E1
+
|~p1|d|~p1|
E2
− 0 = |~p1|d|~p1|(ETot + u)
E1E2
. (2.63)
Plugging this into Eq. (2.61) and using the momentum-λ relationship of Eq. (2.50), we find
ddPS2(PTot; p1, p2) =
dΩp1d−1
22(2π)d−2
|~p1|d−3
(ETot + u)
=
dΩp1d−1
22(2π)d−2
|~p1|d−3
ETot
(2.64)
=
dΩp1d−1
22(2π)d−2
Ed−4Tot
2d−3
λ
d−3
2 (1, r1, r2), ri =
p2i
P 2Tot
. (2.65)
For the d = 4 case, this simplifies to
dPS2(PTot; p1, p2) =
dΩp13
2(4π)2
λ1/2(1, r1, r2), ri =
p2i
P 2Tot
, dΩp13 = d cos θ1dφ1 . (2.66)
Useful, equivalent expressions include
dPS2(PTot; p1, p2) =
dΩp13
2(4π)2
√
1− 2(r1 + r2) + (r1 − r2)2 (2.67)
=
dΩp13
2(4π)2
√
[1− (√r1 +√r2)2] [1− (√r1 −√r2)2]. (2.68)
In the r2 → 0 limit,
dPS2(PTot; p1, p2) =
dΩp13
2(4π)2
(1− r1); (2.69)
and when r1 = r2, we have
dPS2(PTot; p1, p2) =
dΩp13
2(4π)2
√
1− 4r1. (2.70)
In four dimensions, the momenta and energies of the final-state particles in the PTot frame are
|~p1| = |~p2| =
√
P 2Tot
2
λ1/2(1, r1, r2), E1 =
√
P 2Tot
2
(1+ r1− r2), E2 =
√
P 2Tot
2
(1− r1+ r2). (2.71)
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To generate the two-body phase space via Monte Carlo integration, we define y1, y2 such that
cos θ = 2y1 − 1, φ = 2πy2, y1, y2 ∈ [0, 1]. (2.72)
Equation (2.66) then simplifies to
dPS2(PTot; p1, p2) =
dy1 dy2
(8π)
λ1/2(1, r1, r2) ≈ ∆y1∆y2 1
(8π)
λ1/2(1, r1, r2). (2.73)
In practice, y1, y2 are randomly generated, which are used to build cos θ and φ. ∆y1, ∆y2 represent
the finite volume element from which y1, y2 are generated.
2.3.4 Three-Body Phase Space in d and 4 Dimensions
For the three-body case, we follow a procedure similar to the two-body situation. The phase space
in d dimensions is given by
ddPS3(PTot; p1, p2, p3) = (2π)
dδd (PTot − p1 − p2 − p3)
× d
d−1p1
(2π)d−12E1
dd−1p2
(2π)d−12E2
dd−1p3
(2π)d−12E3
. (2.74)
As dd−1pi/Ei is a boost-invariant quantity, we rotate p2 and p3 into the p(23) = p2 + p3 rest frame.
Also integrating out (without the loss of generality) p3 by use of the δ-function, we get
ddPS3(PTot; p1, p2, p3) =
1
23(2π)2d−3
δ (ETot − E1 − (E2 − E3))
×d|~p1||~p1|
d−2dΩp1d−1
E1
d|~p(23)2 ||~p(23)2 |d−2dΩ
p
(23)
2
d−1
E
(23)
2 E
(23)
3
(2.75)
In the p23-frame, we have the relationship
m23 ≡
√
p223 = E
(23)
Tot = E
(23)
2 + E
(23)
3 , (2.76)
which implies
dE
(23)
Tot = dE
(23)
2 + dE
(23)
3 =
d|~p(23)2 ||~p(23)2 |
E
(23)
2
+
|~p(23)2 ||~p(23)2 |
E
(23)
3
(2.77)
= d|~p(23)2 ||~p(23)2 |
(
m23
E
(23)
2 E
(23)
3
)
. (2.78)
We also note that in the p23 frame the momentum-λ relationship gives us
|~p(23)2 | =
m23
2
λ1/2
(
1,
p22
m223
,
p23
m223
)
, (2.79)
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and more generally
|~p(23)2 |d−3
m23
=
md−423
2d−3
λ
d−3
2
(
1,
p22
m223
,
p23
m223
)
. (2.80)
Now making the appropriate substitutions in Eq. (2.75) gives us
ddPS3(PTot; p1, p2, p3) =
dΩp1d−1dΩ
p
(23)
2
d−1
23(2π)2d−3
δ (ETot − E1 − (E2 − E3))
× d|~p1||~p1|
d−2
E1︸ ︷︷ ︸
2|~p1|d|~p1|=2E1dE1
[
dE
(23)
Tot
(
md−423
2d−3
)
λ
d−3
2
(
1,
p22
m223
,
p23
m223
)]
(2.81)
=
dΩp1d−1dΩ
p
(23)
2
d−1
23(2π)2d−3
δ (ETot − E1 − (E2 − E3)) dE(23)Tot
×dE1|~p1|d−3
[(
md−423
2d−3
)
λ
d−3
2
(
1,
p22
m223
,
p23
m223
)]
. (2.82)
In the last line, we made the change of variable from d|~p1| to dE1. Simplifying, regrouping, and
integrating over the final δ-function gives us
ddPS3(PTot; p1, p2, p3) =
md−423
2d+1(2π)2d−3
2|~p1|d−3dE1dΩp1d−1dΩ
p
(23)
2
d−1 λ
d−3
2
(
1,
p22
m223
,
p23
m223
)
(2.83)
In the d = 4 limit, we have
dPS3(PTot; p1, p2, p3) =
1
(4π)5
2|~p1|dE1dΩp13 dΩ
p
(23)
2
3 λ
1/2
(
1,
p22
m223
,
p23
m223
)
. (2.84)
And in the PTot frame, the maximum momentum and energy of p1 are
|~pmax1 | =
λ1/2
(
P 2Tot,m
2
1, (m2 +m3)
2
)
2
√
P 2Tot
, Emax1 =
P 2Tot +m
2
1 − (m2 +m3)2
2
√
P 2Tot
(2.85)
To generate this phase space via Monte Carlo integration, we define y1, . . . , y5 such that
E1 = (E
max
1 −m1)y1 +m1, cos θ1 = 2y2 − 1, φ1 = 2πy3, (2.86)
cos θ
(23)
2 = 2y4 − 1, φ(23)2 = 2πy5, y1, . . . , y5 ∈ [0, 1]. (2.87)
Equation (2.84) then simplifies to
dPS3(PTot; p1, p2, p3) = dy1dy2dy3dy4dy5
(Emax1 −m1)
(4π)3
2|~p1|λ1/2
(
1,
p22
m223
,
p23
m223
)
(2.88)
≈ [∆yi]5 (E
max
1 −m1)
(4π)3
2|~p1|λ1/2
(
1,
p22
m223
,
p23
m223
)
, (2.89)
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where y1, i = 1, . . . , 5 are randomly generated and ∆yi represent the finite volume element from
which the yi are generated. After constructing p1, the Lorentz invariant m23 can be built:
m223 = (p2 + p3)
2 = (PTot − p1)2 = P 2Tot +m21 − 2
√
P 2TotE1. (2.90)
Then using Eq. (2.79), p2 and p3 can be constructed in the (23)-frame using the procedure outlined
in section 2.3.3. Finally, p2 and p3 are boosted from the (23)-frame into the PTot frame.
2.3.5 Phase Space Decomposition
A powerful property of phase space for an arbitrary number of final states is the ability to decompose
it into the product of smaller phase spaces. For automated event generator packages, the phase
space recursion relationship forms the basis of their phase space integration modules. Formally, the
relationship states that the n-body phase space volume of PTot is equivalent to the volume enclosed
by (i) an (n − 1)-body phase space made by combining two final-state momenta pi and pj into pij,
(ii) the corresponding ij → i+ j 2-body phase space, and (iii) the allowed virtuality of p2ij :
dPSn(PTot; p1, . . . , pi, . . . , pj , . . . pn) = dPSn−1(PTot; p1, . . . , pi−1, pi+1, . . . , pj−1, pj+1, . . . pn, pij)
× dPS2(pij; pi, pj)×
d m2ij
2π
, m2ij = p
2
ij = (pi + pj)
2. (2.91)
The proof of decomposition is quite general, so we present it d-dimensions. We start by factoring
the n-body phase space into (n− 2)- and 2-particle momentum integrals and factors of 1:
dPSn(PTot; p1, . . . pn) = (2π)
dδd(PTot − p1 · · · − pi · · · − pj · · · − pn)
n∏
f=1
dd−1pf
(2π)d−12Ef
(2.92)
= (2π)dδd(PTot − p1 · · · − pi−1 − pi+1 · · · − pj−1 − pj+1 · · · − pn − pij)
×

 n∏
f=1, 6=i,j
dd−1pf
(2π)d−12Ef

× dd−1pi
(2π)d−12Ei
dd−1pj
(2π)d−12Ej
× δd(pij − pi − pj) ddpij︸ ︷︷ ︸
=1
× (2π)
d2Eij
(2π)d2Eij
× δ(p2ij −m2ij) dm2ij︸ ︷︷ ︸
=1
(2.93)
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Shuffling around terms, we can construct a differential n− 1-body phase space volume element:
dPSn(PTot; p1, . . . pn) = (2π)
dδd(PTot − p1 · · · − pi−1 − pi+1 · · · − pj−1 − pj+1 · · · − pn − pij)
×

 n∏
f=1, 6=i,j
dd−1pf
(2π)d−12Ef

× dd−1pij
(2π)d−12Eij︸ ︷︷ ︸
(n−1)-momentum integrals
× dEij
2π
2Eij
× (2π)dδd(pij − pi − pj) d
d−1pi
(2π)d−12Ei
dd−1pj
(2π)d−12Ej
× δ(p2ij −m2ij) dm2ij (2.94)
= dPSn−1(PTot; p1, . . . , pi−1, pi+1, . . . , pj−1, pj+1, . . . pn, pij)
× dPS2(pij ; pi, pj)
× dE2ij δ(p2ij −m2ij)
dm2ij
2π
, (2.95)
giving us our desired expression
dPSn(PTot; p1, . . . pn) = dPSn−1(PTot; p1, . . . , pi−1, pi+1, . . . , pj−1, pj+1, . . . pn, pij)
× dPS2(pij ; pi, pj)×
d m2ij
2π
. (2.96)
As alluded, two useful applications phase space decomposition are (i) in automated phase space
integration packages and (ii) resonant decays. In the first, the phase space for an arbitrarily high
number of final states can be reduced to successive boosts of two final-state particles pi and pj into
their total momentum frame (pi + pj), followed by simple and efficient integration over two-body
or three-body solid angles. The explicit formulae for these are given in Sections 2.3.3 and 2.3.4.
In the latter case, the invariant mass integral d m2ij can be interpreted as the virtuality integral for
an intermediate resonance. For example: in on-shell top quark decays into a bottom quark, muon,
and neutrino, the leading contribution occurs through W boson radiation from the top quark that
then splits into leptons. The phase space decomposition
dPS3(t;µ
+, νµ, b) = dPS2(t; pµ+ν , b)× dPS(pµ+ν ;µ+, νµ)×
d q2µ+ν
2π
(2.97)
has a physical interpretation as the t→W ∗b two-body phase space, theW ∗ → µνµ two-body phase
space, and the virtuality integral for W ∗ can spans the entire spectrum of invariant masses that
are allowed by conservation of momentum.
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2.3.6 One-Particle Phase Space Splitting
It is convenient to write explicitly the one-body phase space for collinear splittings, and similar
situations. Consider the process
A(pA) +B(pB)→ A(p1) +X (2.98)
that is mediated by the subprocess
g(pg) +B(pB)→ X, pg = pA − p1 (2.99)
where X is some arbitrary n-body final state, g originates from an A→ Ag splitting, and A is an
otherwise a spectator in the entire process. Momentum conservation tells us
pA + pB = pg + p1︸ ︷︷ ︸
pA
+ pB = p1 + p2 · · ·+ pn, (2.100)
and so we may write in d dimensions the δ-function
δd(pA+pB−p1−p2−· · ·−pn) = δd(pg+p1+pB−p1−p2−· · ·−pn) = δd(pg+pB−p2−· · ·−pn). (2.101)
Therefore, factoring out the momentum integral for A(p1), we have
dPSn(A+B → A+X) = (2π)4δ4 (pA + pB − p1 − p2 − · · · − pn)
n∏
k=1
d3pk
(2π)32Ek
(2.102)
=
[
(2π)4δ4 (pg + pB − p2 − · · · − pn)
n∏
k=2
d3pk
(2π)32Ek
]
d3p1
(2π)32E1
(2.103)
= dPSn(A+B
A→Ag−→ X)× d
3p1
(2π)32E1
, p1 = pA − pg. (2.104)
2.4 PARTIAL WIDTH
The partial width of an unstable, unpolarized particle A with mass mA, spin states (2sA + 1), and
SU(3)c color multiplicity N
A
c , decaying into an n-body final-state f is given by formula
Γ(A→ f) = 1
2mA
1
(2sA + 1)NAc
∑
|M|2 · dPSn(pA; p1, . . . , pn). (2.105)
Here, M is usual A → f amplitude that can be calculated perturbatively using Feynman Rules.
The sum over all partial widths, is the total width,
ΓATot ≡
∑
f
Γ(A→ f). (2.106)
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The fraction of times A will decay into a particular final state X is called the branching fraction,
and is given as the ratio of the partial and total widths
BR(A→ X) ≡ Γ(A→ X)
ΓATot
=
Γ(A→ X)∑
f Γ(A→ f)
. (2.107)
The total width is also related to A’s mean lifetime, τ , by the expression
τ =
~
ΓATot
. (2.108)
We make explicit the conversion of units from Γ [GeV] to τ [s] for clarity. Hence, partial and total
widths are simultaneous estimations of how strongly A couples to its final states (larger coupling,
larger width), and its likelihood to decay (larger width, smaller decay time). To appreciate this
observable better, we consider the Optical Theorem as derived from unitarity of the S-matrix.
2.4.1 The Optical Theorem and Breit-Wigner Propagators
The S-matrix in QFT can be decomposed into its trivial non-scattering and scattering component,
T , by the relationship
S = 1 + iT. (2.109)
To leading order in scattering amplitudes, the unitarity of S tells us
1 = S†S = (1− iT †)(1 + iT ) = 1 + T †T + i(T − T †), (2.110)
or that the squared norm of the transition operator is equal to its imaginary part:
T †T = −i(T − T †). (2.111)
For initial i, final states f , and arbitrary intermediate n-body state k, this implies
〈f |T †T |i〉 =
∑
k
∫
dPSn〈f |T †|k〉〈k|T |i〉 (2.112)
=
∑
k
∫
dPSn M∗(f → k)M(i→ k), (2.113)
where by the completeness relationship we sum/integrate over all discrete degrees of freedom and
phase space configurations. In words, the result states that the matrix elements of the squared
norm transition operator T †T is equal to the sum of transition amplitudes,M, to all intermediate
states. The unitarity condition of Eq. (2.111) also tells use that the matrix element of the imaginary
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part of the transition operator is the imaginary part of the transition operator matrix elements,
i.e.,
−i〈f |(T − T †)|i〉 = −i [M(i→ f)−M∗(f → i)] , (2.114)
which ultimately follows from linearity. When combined, we obtain the Optical Theorem, which
states that imaginary part of a scattering amplitude is equivalent to the sum of all its intermediate
states:
−i [M(i→ f)−M∗(f → i)] =
∑
k
∫
dPSn M∗(f → k)M(i→ k). (2.115)
In the special case of 1 → 1 scattering, i.e., particle propagation, of particle A with mass mA,
the initial and final states i and f are equivalent. The Optical Theorem then stipulates
− i [M(A→ A)−M∗(A→ A)] = 2ℑ[M(A→ A)] (2.116)
=
2mA
2mA
∑
k
∫
dPSn M∗(A→ k)M(A→ k). (2.117)
= 2mA
∑
k
1
2mA
∫
dPSn |M∗(A→ k)|2︸ ︷︷ ︸
Partial Width Γk
. (2.118)
We recognize the last expression as the definition of the total width. In other words, the imaginary
part of the 1→ 1 scattering amplitude proportional to the total width of the propagating particle
ℑ[M(A→ A)] = mAΓATot, (2.119)
with the constant of proportionality being the object’s mass.
More significantly is that the 1→ 1 amplitudes are precisely the one-particle irreducible (1PI)
correlation function diagrams that constitute the self-energy of A. We denote the self-energy
generically (whether A is a scalar, fermion, or vector boson) by Π(q2), where q2 is the virtuality of
A. As A comes on-shell, its inverse propagator (again, generically written)
∆−1A (q
2) = q2 −m2A +Π(q2), (2.120)
takes the form
lim
q2→m2A
∆−1(q2) ≈ m2A −m2A + iℑ[Π(m2A)] = +imAΓATot, (2.121)
indicating that when A is on mass-shell, the imaginary part of its self-energy is given by its mass
and its total width:
ℑ[Π(m2A)] = mAΓATot . (2.122)
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Furthermore, transition amplitudes are dominantly populated by regions of phase space where
particles are close to being on-shell. In other words: in the neighborhood of a pole in the S-matrix.
Thus, for intermediate, resonant states with momentum q, mass M , and a well-defined, on-shell
self-energy, its all-orders summed propagator is well-modeled in matrix element calculations by
making the substitution
i
(q2 −m2) + Π(q2) →
i
(q2 −M2) + iMΓ . (2.123)
This is the Breit-Wigner (BW) propagator. As a distribution function, its normalization is set by
1 =
∫ ∞
−∞
d q2 N
(q2 −M2)2 + (MΓ)2 =
N
MΓ
∫ ∞
−∞
dx
1 + x2
(2.124)
= N
arctan x
MΓ
∣∣∣∣∣
∞
−∞
= N
π
MΓ
, x =
q2 −M2
MΓ
, (2.125)
implying
N =
MΓ
π
. (2.126)
In application, phase space integration over BW propagators can be make more efficient by making
the change of variable
q2 −M2 ≡MΓ tan θ. (2.127)
This has the action of smoothening the Breit-Wigner resonance distribution
∫ q2max
q2min
dp2
(q2 −M2)2 + (ΓM)2 =
∫ θmax
θmin
dθ
ΓM
=
(θmax − θmin)
ΓM
∫ 1
0
dy, (2.128)
where
θi = tan
−1
[
q2i −M2
Γm
]
, i ∈ {min,max} (2.129)
θ = (θmax − θmin)y + θmin. (2.130)
This has great utility in Monte Carlo or other sampling-based integration techniques, which are
adversely affected by sharp peaks in integrands.
2.4.2 Narrow Width Approximation
Generally, widths scale like Γ ∼ g2 M. Thus, for weakly coupled objects one finds
Γ
M
∼ g2 ≪ 1. (2.131)
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We label such particles as “narrow” resonances, in reference to their narrow BW distributions. A
few examples of SM particles with narrow widths include [25]
W± :
Γ
M
≈ 0.026 (2.132)
Z :
Γ
M
≈ 0.027 (2.133)
η :
Γ
M
≈ 2.34 × 10−06 (2.134)
t :
Γ
m
. 0.012. (2.135)
Formally, in the zero width (infinitely stable) limit, the BW distribution function approaches
the normal distribution function that in turns approaches a δ-function [42]
lim
Γ→0
1
π
MΓ
(q2 −M2)2 + (MΓ)2 = limΓ→0
1
(αMΓ)
√
π
e−(q
2−M2)2/(αMΓ)2 (2.136)
=
∫
dp
2π
e−i(q
2−M2)p = δ(q2 −M2), (2.137)
where α−1 ≈ 1.177M is the conversion between total width Γ and the standard deviation σ in
normal distributions. In particularly extreme situations where the the total width of an interme-
diate resonance is much smaller than its mass, e.g., top quarks and W bosons at the few percent
accuracy [43], it is often sufficient to approximate BW distributions as δ-functions:
1
(p2 −M2)2 + (MΓ)2 →
π
MΓ
δ(p2 −M2). (2.138)
This is the narrow width approximation (NWA). Physically, the NWA says that an intermediate
particle is sufficiently longed live that its intermediate production can be well-approximated as
its on-shell production and subsequent on-shell decay. When used in conjunction with the phase
space recursion relationship, the NWA is a very powerful tool that greatly simplifies calculations
of cascade decays into on-shell particles. In the top quark decay example of Eq. (2.97), applying
the NWA has the affect of putting the W boson on-shell at all times
dPS3(t;µ
+, νµ, b)
(p2 −M2)2 + (MΓ)2 =
π
MΓ
δ(p2 −M2)dPS2(t; pµ+ν , b)× dPS(pµ+ν ;µ+, νµ)×
d q2µ+ν
2π
=
π
MΓ
dPS2(t;W
+, b)× dPS(W+;µ+, νµ). (2.139)
As an example, we now carry out the full t→W+b→ µ+νµb calculation with the NWA.
2.4.3 Example: NWA Applied to Leptonic Decays of Top Quarks
We consider the decay of a top quark into a bottom quark and a pair of massless leptons
t → W+∗ b → ℓ+ νℓ b, (2.140)
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and model the intermediate W boson propagation using a BW propagator with a momentum
transfer q2 and total with ΓW . The t→ ℓ+νℓb matrix element can then be expressed as
M(t→ ℓ+νℓb) =Mµ(t→W ∗b)
− i
[
gµν + (ξ − 1) qµqν(q2−ξM2
W
)
]
q2 −M2W + iMWΓW
Mν(W ∗ → ℓ+νℓ). (2.141)
Physical observables, e.g., cross sections and partial widths, are independent of the gauge pa-
rameter ξ, which is sometimes written as η instead of (ξ − 1). A wise choice of ξ can greatly
simplify a calculation but at the potential cost of increasing the number of subprocesses (Feynman
diagrams) contributing to the process. Common choices of the gauge fixing parameter are
ξ =


0, Landau Gauge
1, Feynman Gauge
∞, Unitary Gauge for Massive Bosons
(2.142)
However, the gauge-term qµqν in Eq. (2.141) is unimportant and does not contribute to the final
result. This follows from the W propagator contracting with a vector current of massless, exter-
nal fermions. This can be understood from two semi-independent arguments: (i) Since the W
momentum is the sum of the massless lepton momenta
qW = pµ + pν , (2.143)
by the Dirac equation we have (ignoring factors of −ig/√2)
qνMν(W ∗ → ℓ+νℓ) = u(pν) (6pµ+ 6pν)PLv(pµ) (2.144)
= u(pν)PR 6pµv(pµ)︸ ︷︷ ︸
=mµv(pµ)=0
+ u(pν) 6pν︸ ︷︷ ︸
=u(pν)mν=0
PLv(pµ) = 0. (2.145)
(ii) By virtue of being on-shell, massless isospin partners, the leptons respect an unbroken SU(2)L
symmetry and therefore do not couple to the W boson’s longitudinal polarizations, i.e., qµqν .
Using the completeness relationship in the Unitarity gauge,
∑
λ,λ′
ε∗µ,λ(q)εν,λ′(q) = −gµν + qµqν/M2W , (2.146)
we can express Eq. (2.141) as the product of matrix elements for two independent processes
M(t→ ℓ+νℓb) =
∑
λ,λ′
Mµ(t→W ∗b) iε
∗
µ,λ(q)εν,λ′(q)
q2 −M2W + iMWΓW
Mν(W ∗ → ℓ+νℓ) (2.147)
=
∑
λ,λ′
Mλ(t→W ∗b) i
q2 −M2W + iMWΓW
Mλ′(W ∗ → ℓ+νℓ). (2.148)
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Squaring the amplitudes and summing over all degrees of freedom, i.e., spins/colors, gives us
∑
d.o.f.
|M(t→ ℓ+νℓb)|2 = 1
(2sW + 1)NWc
∑
d.o.f.
|Mλλ˜(t→W ∗b)|2 |Mλ′λ˜′(W ∗ → ℓ+νℓ)|2
(q2 −M2W )2 + (MWΓW )2
. (2.149)
In order to prevent double-counting of W boson spins, we must average over the number of spin
states. Though trivial in this instance, one must also average over the intermediate messenger’s
color multiplicity in order to avoid double-counting color states. This sees innocuous but system-
atic practice allows us to write intermediate subprocesses, e.g., W boson splitting, in terms of
unpolarized widths and cross sections. We are now in position to make the NWA approximation:
∑
dof
|M(t→ ℓ+νℓb)|2 ≈ 1
(2sW + 1)NWc
∑
dof
|Mλλ˜(t→W ∗b)|2 |Mλ′λ˜′(W ∗ → ℓ+νℓ)|2
πδ(q2 −M2W )
MWΓW
.
Finally, we evaluate the few remaining steps needed to compute the t → W ∗b → ℓ+νℓb partial
width. Averaging over the top quark’s spin states and colors, as well as integrating over the 3-body
phase space, which is immediately decomposed into two two-body spaces, we obtain
Γ(t→ ℓ+νℓb) =
∫
dPS3(t;µ
+, νµ, b)
1
2mt(2st + 1)N tc
∑
dof
|M(t→ ℓ+νℓb)|2 (2.150)
=
∫
dPS2(t;W
∗, b) dPS2(W ∗;µ+, νµ)
dq2
2π
× 1
2mt(2st + 1)N tc
1
(2sW + 1)NWc
×
∑
dof
|Mλλ˜(t→W ∗b)|2 |Mλ′λ˜′(W ∗ → ℓ+νℓ)|2
π
MWΓW
δ(q2 −M2W ) (2.151)
=
∫
dPS2(t;W
∗, b)
1
2mt(2st + 1)N tc
∑
dof
|Mλλ˜(t→W ∗b)|2
× 1
(2sW + 1)NWc
π
MWΓW
∫
dq2
2π
δ(q2 −M2W )
×
∫
dPS2(W
∗;µ+, νµ)
∑
dof
|Mλ′λ˜′(W ∗ → ℓ+νℓ)|2 (2.152)
Combining the δ-function from the NWA and the virtuality integral from the Recursion Theorem
together require that the W be on-shell at all times. With this, we immediately recognize the first
line of Eq. (2.152) as the partial width for t → Wb decay, and the last two lines of Eq. (2.152)
provide us the ingredients for the W → ℓνℓ partial width:
Γ(t→ ℓ+νℓb) = Γ(t→ Wb) × 1
ΓW
× 1
2MW (2sW + 1)NWc
∫
dPS2(W
∗;µ+, νµ)
∑
dof
|Mλ′λ˜′(W ∗ → ℓ+νℓ)|2(2.153)
= Γ(t→ Wb) × 1
ΓW
Γ(W → ℓνℓ) (2.154)
= Γ(t→ Wb) × BR(W → ℓνℓ) (2.155)
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Thus, by combining the NWA and phase space recursion theorem, we can approximate a top quark
decay rate to leptons as the rate of a top quark decaying into an on-shell W boson scaled by the
probability that an on-shell W will decay to leptons. This probability is given by the branching
fraction of W into leptons, and is defined in Eq. (2.107).
Before moving on, it is worth reflecting what we have sacrificed in order to obtain Eq. (2.155).
The first is that we have considered only a single slice of phase space, namely when the W boson is
on-shell. An entire continuum of phase space for q2 6=M2W has been neglected and thus Eq. (2.155)
is an underestimation, albeit a very good one, of the actual LO t → ℓ+νℓb partial width. As the
stipulation that Γ/M ≪ 1 breaks down, larger regions of phase space where q2 6= M2W become
increasingly important, and lead to worse estimates of the partial width.
More subtle is the fact that spin correlation between the initial-state top quark and final-state
leptons has been lost due to the use of the completeness relationship in Eq. (2.146), which acts to
decouple the initial-state and final-state fermion currents. Though the total scattering and decay
rates remain unaffected when the NWA holds, angular distributions and “fiducial” rates that are
obtained by imposing phase space cuts will be inaccurate. The exception of course being the case
of a narrow scalar mediator, for example: a charged Higgs in the 2HDM. In the top quark decay
t→ H+b, H+ → τ+ντ , the completeness relationship for scalars can be imposed without any loss
of spin correlation because, as a scalar, the scalars carry no such information.
An alternative procedure that preserves spin correlation would be to forgo the use of Eq. (2.146).
Starting from the t→W ∗b→ ℓ+νℓb matrix element given in Eq. (2.141), we have
M(t→ ℓ+νℓb) = Mµ(t→W ∗b) −igµν
q2 −M2W + iMWΓW
Mν(W ∗ → ℓ+νℓ) (2.156)
= Mµ(t→W ∗b)Mµ(W ∗ → ℓ+νℓ) −i
q2 −M2W + iMWΓW
(2.157)
Repeating the above procedure will give us
∑
dof
|M(t→ ℓ+νℓb)|2 ≈
∑
dof
|Mµ(t→ W ∗b)Mµ(W ∗ → ℓ+νℓ)|2 × π
MWΓW
δ(q2 −M2W ). (2.158)
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Averaging and integrating over a decomposed phase space gives us
Γ(t→ ℓ+νℓb) =
∫
dPS2(t;W
∗, b) dPS2(W ∗;µ+, νµ)
dq2
2π
× 1
2mt(2st + 1)N tc
×
∑
dof
|Mµ(t→W ∗b)Mµ(W ∗ → ℓ+νℓ)|2 × π
MWΓW
δ(q2 −M2W ). (2.159)
=
1
22mtMWΓW (2st + 1)N tc
∫
dPS2(t;W, b) dPS2(W ;µ
+, νµ) (2.160)
×
∑
dof
|Mµ(t→Wb)Mµ(W → ℓ+νℓ)|2. (2.161)
Inserting the closed expressions for each of the two-body phase spaces and grouping together factors
of 2π, we obtain the spin-correlated expression
Γ(t→ ℓ+νℓb) =
√
1− 2(rW + rb) + (rW − rb)2
212π3mtMWΓWN tc
∫
d cos θb dΩµ (2.162)
×
∑
dof
|Mµ(t→Wb)Mµ(W → ℓ+νℓ)|2, (2.163)
where rX = mX/m
2
t . Despite its apparent bulkiness, the expression above can be evaluated ana-
lytically or numerically with little additional effort. The key point is that numerical integration of
the original three-body phase space (4 integrals) over a BW propagator is inefficient and can be
approximated well by one fewer integrals over zero propagators.
2.5 PARTONIC LEVEL CROSS SECTION
The statistical nature of quantum mechanics lends itself to counting experiments to test predictions
made by models. In colliders, antiparallel particle beams are focused onto each other in order to
reproduce a type of Rutherford scattering. For a given flux, or luminosity, L of particles transversing
through an effective scattering area, or cross section, σ, the number of scattering events is given
schematically by
Number of events = (Number of particles per beam area)︸ ︷︷ ︸
Luminosity, L
× (Effective target area)︸ ︷︷ ︸
Cross section, σ
(2.164)
For a fixed beam luminosity, we can interpret the cross section as a measure of the likelihood for a
particular scattering to occur. Again, schematically, this is given by
(Scattering cross section) =
Number of events
Incoming particle flux
(2.165)
=
(Scattering likelihood) × (Scattering configurations)
Incoming particle flux
(2.166)
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From Fermi’s Golden Rule, we identify the numerator of this expression as simply the squared
matrix element summed over discrete final-state degrees of freedom and integrated over continuous
ones, i.e., phase space. For randomly polarized and charged initial states, symmetry factors must
be introduced to average over initial-state degrees of freedom. And as is typical for scattering
experiments, flux can be factored into the product of number densities of each beam and the
relative velocity of the two, implying its invariance under longitudinal boosts (along the beam
line). The scattering cross section can now be written (schematically) as
(Scattering cross section) =
1
(Number density)× (Relative velocity) × (Symmetry factors)
×
∑
Discrete dof
∫
d[Phase space] (Probability density) (2.167)
Formally, for incoming particles A and B, with masses mA, mB and c.m. energy
√
sˆ =
√
(pA + pB)2, (2.168)
the 2→ n scattering rate is given by the formula
σ(A+B → X + anything else) =
∫
dPSn
dσ
dPSn
, (2.169)
dσ
dPSn
=
1
2sˆλ1/2(1, rA, rB)
1
(2sA + 1)(2sB + 1)NAc N
B
c
∑
dof
|M|2, (2.170)
where, for X = A,B, rX = m
2
X/sˆ, λ is the kinematic Ka¨llen function of Eq. (2.46), (2sX + 1)
represents the number of spin states possessed by particle X, NXc is the SU(3)c color factor of X,
dPSn denotes the Lorentz-invariant n-body differential phase space as defined in Eq. (2.45), and
M is the Lorentz-invariant matrix element for scattering process
A+B → X. (2.171)
In the rB → 0 limit, λ1/2(1, rA, 0) = (1− rA); and for rA, rB → 0, λ→ 1.
2.5.1 Example: Zh Production at Electron Colliders
Lepton collider-based Higgs factories are premised on the fact that Z bosons couple directly to both
electrons and the Higgs boson, and so Higgs bosons can be produced in the 2→ 2 process
e−τ (pA) + e
+
τ ′(pB)→ Zλ(pZ) + h(ph), (2.172)
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where τ = L,R and λ = 0,± denote the helicity takes of electrons and the Z. For massless
electrons, the matrix element is given by
MZhλτ ′τ = κZ [vτ ′(pB)6ε∗λ(pZ) (ceRPR + ceLPL)uτ (pA)] DZ(s), (2.173)
ceR = g
e
V + g
e
A =
1
2
(T e3 )L −Qe sin2 θW +
(−1
2
)
(T e3 )L = sin
2 θW , (2.174)
ceL = g
e
V − geA =
1
2
(T e3 )L −Qe sin2 θW −
(−1
2
)
(T e3 )L = sin
2 θW − 1
2
, (2.175)
DX(p
2) =
1
(p2 −M2X) + iMXΓX
, κZ =
g2MZ
cos2 θW
(2.176)
where the helicities of e−, e+, and Z are denoted, respectively, by τ, τ ′, λ. In the center of mass
frame, the 4-momenta can be expressed as
pA =
√
s
2
(1, 0, 0, 1), pB =
√
s
2
(1, 0, 0,−1) (2.177)
pZ = (EZ , |~pZ | sin θ cosφ, |~pZ | sin θ sinφ, |~pZ | cos θ), (2.178)
ph = (Eh,−|~pZ | sin θ cosφ,−|~pZ | sin θ sinφ,−|~pZ | cos θ), (2.179)
EZ =
√
s
2
(1 + rZ − rh), |~pZ | =
√
s
2
λ1/2(1, rZ , rh), Eh =
√
s
2
(1 + rh − rZ), (2.180)
and for X = Z, h we define rX = m
2
X/s. The nonzero amplitudes are given by
M0RL = −cL
2
κZDZ(s)
√
s
rZ
(1− rh + rZ)e−iφ sin θ (2.181)
M0LR = −cR
2
κZDZ(s)
√
s
rZ
(1− rh + rZ)eiφ sin θ (2.182)
M+RL = −cL κZDZ(s)
√
s
2
e−iφ(1− cos θ) (2.183)
M+LR = cR κZDZ(s)
√
s
2
eiφ(1 + cos θ) (2.184)
M−RL = −cL κZDZ(s)
√
s
2
e−iφ(1 + cos θ) (2.185)
M−LR = cR κZDZ(s)
√
s
2
eiφ(1− cos θ). (2.186)
As the vector couplings are helicity conserving, the (λ, τ ′, τ) = (λ,L,L) and (λ,R,R) contribu-
tions are zero. We observe longitudinal enhancement in the (λ, τ ′, τ) = (0RL) and (0RL) helicity
amplitudes. The squared and summed amplitude is then∑
|MZh|2 = g
4(c2L + c
2
R)s
2
8c4W
|DZ(s)|2
× [(1− rh)2 − 2rhrZ + rZ(14 + rZ) + (1 + 2rhrZ − (1− rh)2 − (1− rZ)2) cos(2θ)] ,
|DZ(s)|2 = 1
(s−M2Z)2 + (MZΓZ)2
. (2.187)
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The corresponding 2-body phase space is
dPS2(PTot; pZ , ph) =
d cos θdφ
2(4π)2
λ1/2(1, rZ , rh) (2.188)
=
d cos θ
24π
√
1− 2(rZ + rh) + (rZ − rh)2. (2.189)
Integrating and averaging over the quantum numbers of the initial states, the Zh production cross
section at
√
s = 250 GeV for mh = 125 GeV is
σ(e−e+ → Zh) = (~c)2︸ ︷︷ ︸ ×
GeV−2 to fb conversion factor
(
1
23s
)
︸ ︷︷ ︸
Flux
×
× g
4s2
(
c2L + c
2
R
)
3c4W
(
1 + 10rZ − 2rh + (rZ − rh)2
)
(s−M2Z)2 + (MZΓZ)2
×
(
λ1/2(1, rZ , rh)
24π
)
︸ ︷︷ ︸
Phase space
≈ 240 fb. (2.190)
2.6 INITIAL-STATE PHOTONS FROM ELECTRON-X SCATTERING
On-shell factorization of scattering amplitudes into a product of universal, i.e., process-independent,
terms and (usually) much simpler (though process dependent) hard scattering matrix element
calculations for participants whose masses are much smaller than momentum transfers scales is a
central tenet of perturbative QCD and collider experiments. Here we derive γX scattering of a
quasi-real photon that originates from a nearly collinear splitting with an electron in high energy eX
collisions. It should be emphasized that this is a property of gauge theories, not unique to photons
or electrons, and holds with very minor modifications, though with various physics interpretations,
for gg or gq splitting.
As shown in Fig. (4), we consider the eX scattering process
e−(pA) + X(pB)→ e−(p1) + γ∗(q) + X(pB)→ e−(p1) + Y (2.191)
that is mediated by the subprocess
γ∗(q) +X(pB)→ Y, q = pA − p1. (2.192)
The total eX and subprocess γ∗X center of mass energies are respectively denoted by
s = (pA + pB)
2, sˆ = (q + pB)
2. (2.193)
64
e−(pA)
e−(p1)
γ(q2)
X(pB)
Y
Figure 4: Diagrammatic representation of quasi-real, initial-state photon from eγ splitting.
In essence, the initial-state electron radiates a photon that participates in the 2→ 1 scattering but
otherwise acts as a spectator of the process. The matrix element is given by
M = [u(p1)(−ieqe)γµu(pA)]
(−i) (gµν − (ξ − 1)qµqν/q2)
q2
Mν(γ∗X → Y ) (2.194)
=
(−ieqe)
q2
[u(p1)γ
µu(pA)]
(∑
λλ′
ε∗µ(q, λ)εν(q, λ
′)
)
Mν(γ∗X → Y ). (2.195)
=
(−ieqe)
q2
∑
λλ′
[u(p1) 6εu(pA)] [ε ·M(γX → Y )] (2.196)
≡ (−ieqe)
q2
∑
λλ′
M(e→ eγ∗)M(γ∗X → X). (2.197)
The quantity Mν(γX → Y ) is defined such that the scattering process Eq. (2.192) for an on-shell
(massless), initial-state photon is given by
M(γλX → Y ) = εµ(q, λ) · Mν(γλX → Y ). (2.198)
We keep explicit the electron charge as qe. In the second line, we applied the completeness rela-
tionship of Eq. (2.146) and find that we can express the entire matrix element as the product of
two subprocess matrix elements: e → γ splitting and γX scattering. Squaring and summing over
final state degrees of freedom gives us
∑
d.o.f.
|M |2 = (e
2q2e)
q4
∑
λλ′
∑
d.o.f.
|M(e→ eγ∗)|2|M(γX → X)|2. (2.199)
However, this is not quite correct as we are inadvertently double counting degrees of freedom of
our intermediate γ∗. We must introduce spin-state and (in principle) color-state averaging factors,
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which effectively gives us a recipe for an unpolarized intermediate photon with, for now, an arbitrary
virtuality. Therefore, we should instead have
∑
d.o.f.
|M |2 = (e
2q2e)
q4
∑
λλ′
∑
d.o.f.
|M(e→ eγ∗)|2
(
1
(2sγ + 1)N
γ
c
)
|M(γX → X)|2. (2.200)
The obviously trivial color factor Nγc is present for completeness. We are also free to introduce the
Ka¨llen function
sˆλ1/2(1, r˜γ , r˜B), r˜γ =
q2
sˆ
, r˜B =
p2B
sˆ
, (2.201)
which represents the energy available in γ∗X scattering. The spin- and color-averaged squared
amplitude is then
|M |2 = (e
2q2e)
q4
∑
λλ′
∑
d.o.f.
sˆλ1/2(1, r˜γ , r˜B)
(2se + 1)N ec
|M(e→ eγ∗)|2
×
(
1
sˆλ1/2(1, r˜γ , r˜B)(2sγ + 1)(2sB + 1)N
γ
c Bbc
)
|M(γ∗X → X)|2. (2.202)
The eX cross section is then given by
σ(e−X → e−Y ) =
∫
d3p1
(2π)32E1
∑
λ,d.o.f.
sˆλ1/2(1, r˜γ , r˜B)
sλ1/2(1, re, rB)
|M(e→ eγ∗)|2
(2se + 1)N ec
× (4παq
2
e)
q4
× σˆ(γX → Y ), (2.203)
where ri = m
2
i /s, e
2 = 4πα, we have split the n-body phase space into two using Eq. (2.104), and
σˆ is the subprocess γX cross section. Assuming that the scatting scales s and sˆ are much larger
than any mass relevant initial-state mass, this further refines down to
σ(e−X → e−Y ) =
∫
d3p1
(2π)32E1
∑
λ,d.o.f.
sˆ
2s
|M(e→ eγ∗)|2 (4παq
2
e )
q4
σˆ(γX → Y ). (2.204)
It now remains to evaluate the e→ γ splitting matrix elements.
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2.6.1 e→ γ Splitting
For e−(pA) → e−(p1)γ∗(q) splitting, where γ∗ with small transverse momentum qT ≪ EA carries
away an energy fraction z from its parent electron, we assign the following momenta
pA = (EA, 0, 0, EA) (2.205)
p1 = (1− z)EA(1, sin θ1, 0, cos θ1)
=
(
(1− z)EA,−qT , 0, (1 − z)EA − q
2
T
2(1 − z)EA
)
(2.206)
q = (zEA, |~q| sin θγ , 0, |~q| cos θγ) (2.207)
=
(
zEA, qT , 0, zEA +
q2T
2(1 − z)EA
)
. (2.208)
The corresponding (complex conjugated) photon polarization vectors in the helicity basis are
ελ=+∗µ =
1√
2
(0,− cos θγ , i,− sin θγ) (2.209)
ελ=−∗µ =
1√
2
(0, cos θγ , i, sin θγ) . (2.210)
Then, neglecting terms higher than of O
(
q2T
E2A
)
, we have
p21 = (1− z)2E2A − q2T − (1− z)2E2A +
2(1 − z)EAq2T
2(1 − z)EA +O
(
q4T
E4A
)
= 0 (2.211)
q2 = z2E2A − q2T − z2E2A −
2zEAq
2
T
2(1− z)EA +O
(
q4T
E4A
)
=
−q2T
(1− z) , (2.212)
that is: a massless final-state e− and internal photon with virtuality proportional to its transverse
momentum.
As photon radiation is helicity-conserving, the only nonzero fermion currents are the e−L → e−Lγ
e−R → e−Rγ channels, given by
JµLL = 2EA
√
1− z
[
cos
(
θ1
2
)
, sin
(
θ1
2
)
,−i sin
(
θ1
2
)
, cos
(
θ1
2
)]
(2.213)
JµRR = 2EA
√
1− z
[
cos
(
θ1
2
)
, sin
(
θ1
2
)
, i sin
(
θ1
2
)
, cos
(
θ1
2
)]
. (2.214)
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The permutation of helicity amplitudes (in the small qT limit) is therefore
MLL− = 2EA
√
2− 2z cos
(
θγ
2
)
sin
(
θ1 + θγ
2
)
(2.215)
≈ EA
√
2− 2z (θ1 + θγ) (2.216)
MLL+ = −2EA
√
2− 2z sin
(
θγ
2
)
cos
(
θ1 + θγ
2
)
(2.217)
≈ −EA
√
2− 2z (θγ) (2.218)
MRR− = 2EA
√
2− 2z sin
(
θγ
2
)
cos
(
θ1 + θγ
2
)
(2.219)
≈ EA
√
2− 2z (θγ) (2.220)
MRR+ = −2EA
√
2− 2z cos
(
θγ
2
)
sin
(
θ1 + θγ
2
)
(2.221)
≈ −EA
√
2− 2z (θ1 + θγ) (2.222)
Squaring the amplitudes, making the replacements
θγ → qT
zEA
, θ1 → qT
(1− z)EA , (2.223)
and summing, we obtain ∑
|M(e→ eγ∗)|2 = 4q
2
T
z(1− z)Pγe(z), (2.224)
where Pγe(z) is the universal Altarelli-Parisi splitting function
Pγe(z) =
1 + (1− z)2
z
. (2.225)
Its pole represents the soft divergence that appears when qT , and hence γ
∗’s virtuality goes to
zero. The function Pγe(z) is universal in the sense that it holds for all spin-half-to-internal spin-one
bosons splittings in the small transverse momentum limit. Accounting for color factors, the QCD
equivalent is in fact given by
Pgq(z) = CF
1 + (1− z)2
z
. (2.226)
Had we considered instead an internal electron and on-shell photon, neglecting terms higher than
O
(
q2T
E2A
)
, the ei → ef splitting function, where ef carries a momentum fraction z from ei, is
Pee(z) =
1 + z2
1− z , (2.227)
and possesses a collinear divergence. It is interesting to note that the γ → e splitting function
Peγ(z) = z
2 + (1− z)2 (2.228)
does not have a pole as massless fermion currents turn off (vanish) in the zero fermion energy limit.
68
2.6.2 Weizsa¨cker-Williams Approximation
We can now assemble our final result. We start by expressing our one-body phase space in cylindrical
coordinates, and ultimately photon virtuality and momentum fraction z
d3p1
(2π)32E1
=
dφ1 dpz dq
2
T
(2π)322(1− z)EA =
dz dq2T
(24π2)(1 − z) =
dz dq2
(24π2)
, (2.229)
where we made use of the fact that
pz ≃ E1 = (1− z)EA and q2 = −q
2
T
(1− z) . (2.230)
Under the working assumptions that masses are negligible compared to the scattering scale and
that we are in the collinear (small qT ) e→ γ splitting regime, we also have
sˆ = (q + pB)
2 = 2q · pB = zpA · pB = zs. (2.231)
Making the appropriate substitutions, we then have
σ(e−X → e−Y ) =
∫
dz dq2
(24π2)
z
2
4(1 − z)q2
z(1 − z) Pγe(z)
(4παq2e )
q4
σˆ(γX → Y ) (2.232)
=
∫
dz
αq2e
2π
Pγe(z)
∫
dq2
q2
σˆ(γX → Y ) (2.233)
A pause is necessary to to address the limits for the virtuality integrations. At zero momentum
transfer (q2 = 0), the cross section diverges but only artificially. We made the assumption that
masses are negligible compared to the hard scattering energies, but at zero momentum transfer this
is no longer true. Strictly speaking, the photon virtuality is given by
q2 = (pA − p1)2 = 2m2e − EAE1(1− βAβ1 cos θ1), (2.234)
indicating that the supposed collinear divergence is actually regulated by βA,1 < 1, or in other
words, the electron mass. For quark-gluon splitting, this is regulated analogously by the bare
quark mass. The electron mass then sets the scale for momentum transfers and we evolve our
momentum transfer scale starting from q2 = m2e. The upper limit of integration must be chosen
based on its type of calculation that is being performed. For inclusive cross section calculations, and
despite contradicting the small qT assumption, evolving the integral upwards to sˆ is a reasonable
estimation [6]. However, as we will discuss shortly later and much detail in later chapters, this can
be matched with the deeply inelastic process, rendering the sum of the two components relatively
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scale-independent [3]. For now, we will evolve our integral upwards to q2 = Q2. The evolution
scale Q2 is also called the factorization scale. Doing so gives us
σ(e−X → e−Y ) =
∫
dz
αq2e
2π
Pγe(z) log
(
Q2
m2e
)
σˆ(γX → Y ). (2.235)
This result, also known as the Weizsa¨cker-Williams [44,45] approximation, is expressed more com-
monly in the form
σ(e−X → e−Y ) =
∫ 1
zmin
dz fγ/e(z,Q
2) σˆ(γX → Y ), (2.236)
where the photon distribution function is given by
fγ/e(z,Q
2) =
αq2e
2π
Pγe(z) log
(
Q2
m2e
)
. (2.237)
Written in this form, we interpret fγ/e(z,Q
2) as the likelihood of observing a photon in an electron,
possessing an energy fraction z of the electron’s total energy at a momentum transfer scale Q2.
The limits of integration are derived from the relation sˆ = zs, which tells us that
max(z) = max
(
sˆ
s
)
=
max(sˆ)
s
=
s
s
= 1 (2.238)
min(z) = min
(
sˆ
s
)
=
min(sˆ)
s
, (2.239)
and min(sˆ) is the minimum invariant mass required for γB → X to kinematically proceed.
2.6.3 Weak Boson Distribution Functions
Following the identical procedure withW and Z bosons will yield similar results. The polarization-
dependent distributions functions for Weak bosons carrying energy fraction z from fermion f
evolved to a scale QV ≫MW are given by [36,46]
PV/f (z,Q
2, λ = ±) = C
16π2z
[
(gfV ∓ gfA)2 + (g2V ± gfA)2(1− z)2
]
log
Q2
M2V
(2.240)
PV/f (z,Q
2, λ = 0) =
C
4π
[
(gfV )
2 + (gfA)
2
](1− z
z
)
, (2.241)
where for V =W± we have
C =
g2
8
, gV = −gA = 1, (2.242)
and for V = Z
C =
g2
cos2 θW
, gV =
1
2
(T 3f )−Qf sin2 θW , gA =
−1
2
(T 3f ). (2.243)
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Summing and averaging the transverse W± distributions gives
fWT /q(z,Q
2
V ) =
C
8π2
[
1 + (1− z)2]
z
log
(
Q2V
M2W
)
, (2.244)
2.6.4 Beyond Leading Logarithm
The above leading logarithm (LL) result, gives us a result of the form
eX-scattering = eγ -splitting ⊗ γX-scattering. (2.245)
However, the eγ-splitting function is universal and will reappear for each successive splitting. This
is particularly important for when the momentum transfer is very large, in which case
α(Q2) log
(
Q2
m2f
)
∼ 1, (2.246)
and our perturbative treatment breakdowns. Though α(MZ) ∼ 1/128 is quite small, is becomes a
considerable problem from QCD where αs(MZ) ∼ 0.1. The solution is actually to consider summing
over an arbitrary number of parton splittings
qX-scattering =
n∑
k=1
qg -splitting⊗ · · · qg -splitting︸ ︷︷ ︸
k-splittings
⊗ gX-scattering. (2.247)
The result is an expression that can be exponentiated
∑
αk(Q2) logk
(
Q2
m2f
)
∼ exp
[
α(Q2) log
(
Q2
m2f
)]
. (2.248)
This process, only given schematically here, is called resummation and is an all-orders, hence
non-perturbative, result. For the the case of QCD, collinear radiation is “resummed” using the
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) equations, resulting in what are known as the
parton distribution functions (PDFs). These functions give the likelihood of observing a particular
parton species, e.g., anti-strange quark or gluon, in a hadron, e.g., proton or Pb nuclei, possessing
a fraction x of the hadron’s energy at a momentum transfer of Q2. The distribution function
fγ/e in Eq. (2.237) is another example of a PDF. By fixing the PDFs at a particular momentum
transfer and energy fraction, in say deeply inelastic scattering (DIS) ep experiments, the DGLAP
equations are used to evolve the PDFs to a different scale, such as those observed in LHC collisions
or potentially at a future 100 TeV collider.
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2.6.5 Elastic Photon PDF
It is worth noting that our previous results were reliant on the parton model and dealt with point-
particles. As the proton is charged, at momentum transfers below a couple GeV, it too can give
rise initial-state photons in pX collisions. The elastic photon PDF for a proton is given analytically
by [47]
fElγ/p(ξ) =
αEM
π
(1− ξ)
ξ
[
ϕ
(
ΛElγ
2
Q20
)
− ϕ
(
Q2min
Q20
)]
, αEM ≈ 1/137, (2.249)
Q2min = m
2
py, y =
ξ2
(1− ξ) , Q
2
0 = 0.71 GeV
2, mp = 0.938 GeV, (2.250)
ϕ(x) = (1 + ay)
[
− log
(
1 +
1
x
)
+
3∑
k=1
1
k(1 + x)k
]
+
y(1− b)
4x(1 + x)3
+ c
(
1 +
y
4
)[
log
(
1 + x− b
1 + x
)
+
3∑
k=1
bk
k(1 + x)k
]
, (2.251)
a =
1
4
(1 + µ2p) +
4m2p
Q20
≈ 7.16, b = 1− 4m
2
p
Q20
≈ −3.96, c = µ
2
p − 1
b4
≈ 0.028.(2.252)
Here, ΛElγ is a upper limit on elastic momentum transfers such that f
El
γ/p = 0 for Qγ > Λ
El
γ . In
Eq. (2.249), and later in Eq. (2.270), since Qγ ≪ mZ , α(µ = Qγ) ≈ αEM ≈ 1/137 is used. In the
hard scattering matrix elements, α(µ =MZ) is used. See Ref. [48] for further details.
Equation (2.249) has been found to agree well with data from TeV-scale collisions at Qγ ∼
mµ [49]. However, applications to cases with larger momentum transfers and finite angles lead to
large errors and increase scale sensitivity. Too large a choice for ΛElγ will lead to overestimate of cross
sections [47]. However, we observe negligible growth in fElγ at scales well above Λ
El
γ = 1 − 2 GeV,
in agreement with Ref. [50].
Briefly, we draw attention to a typo in the original manuscript that derives Eq. (2.249). This
has been only scantly been mentioned in past literature [51,52]. The sign preceding the “y(1− b)”
term of ϕ in Eq. (2.251) is erroneously flipped in Eq. (D7) of Ref. [47]. Both CalcHEP [53–55] and
MG5 aMC@NLO [56] have the correct sign in their default PDF libraries.
At these scales, the gauge state γ is a understood to be a linear combination of discrete states:
the physical (massless) photon and (massive) vector mesons (ω, φ, ...), and a continuous mass spec-
trum, a phenomenon known as generalized vector meson dominance (GVMD) [57]. An analysis
of ZEUS measurements of the F2 structure function at Q
2
γ < m
2
p and Bjorken-x ≪ 1 concludes
that GMVD effects are included in the usual dipole parameterizations of the proton’s electric and
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magnetic form factors GE and GM [58]. Thus, the radiation of vector mesons by a proton that are
then observed as photon has been folded into Eq. (2.249).
2.7 FACTORIZATION THEOREM, PARTON LUMINOSITIES, AND
HADRONIC CROSS SECTION
We are now in position to introduce hadronic level cross sections and the Factorization theorem.
We start by considering some partonic-level process
a+ b→ X. (2.253)
We suppose that both a and b are massless and possess proton PDFs, denoted by fa/p(ξ1, µ
2) and
fb/p(ξ2, µ
2), where ξi is the energy fraction of proton Pi, and fi/p are evolved to factorization scale
µ2. The partonic center of mass is denoted as sˆ = (pa + pb)
2, and the minimal invariant mass
needed for the process to proceed is denoted by sˆX . The pa→ X + Y scattering rate is then
σ(pa→ X + Y ) =
∫ 1
ξmin2
dξ2 fb/p(ξ2) σˆ(ab→ X), (2.254)
where
sˆ = (pa + pb)
2 = 2papb = 2P2paξ2 = spaξ2 (2.255)
is the relation between the partonic and the p− a system’s c.m. energies. This last line implies
ξmin2 = min
(
sˆ
spa
)
=
sˆmin
spa
=
m2X
spa
, and sminpb = min
(
sˆ
ξa
)
= m2X . (2.256)
Similarly, we can construct the pp→ X+Y ′′ scattering rate from the semi-partonic pb initial-states.
The corresponding limits of integration for the splitting function integrals are
ξmin1 = min
(
spa
spp
)
=
sminpa
spp
=
m2X
spp
≡ τmin (2.257)
ξmin2 =
m2X
spb
=
m2X
sppξ1
= τmin/ξ1. (2.258)
This gives us
σ(pp→ X + Y ′′) =
∫ 1
ξmin1
dξ1 fa/p(ξ1) σˆ(pb→ X + Y ), (2.259)
=
∫ 1
ξmin1
dξ1
∫ 1
ξmin2
dξ2 fa/p(ξ1)fb/p(ξ2) σˆ(ab→ X), (2.260)
=
∫ 1
τmin
dξ1
∫ 1
τmin/ξ1
dξ2 fa/p(ξ1)fb/p(ξ2) σˆ(ab→ X). (2.261)
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However, our assignment of a to the first proton and b to the second proton was arbitrary and
indistinguishable from the reverse assignment. Thus, we obtain the Factorization Theorem
σ(pp→ X + Y ′′) =
∫ 1
τmin
dξ1
∫ 1
τmin/ξ1
dξ2
[
fa/p(ξ1, µ
2)fb/p(ξ2, µ
2)σˆ(ab→ X) + (a↔ b)] , (2.262)
where τ is the minimal energy fraction required for the process to be kinematically allowed
τ ≡ sˆ
s
= ξ1ξ2, τmin =
sˆmin
s
, (2.263)
and states that a sufficiently inclusive hadronic-level scattering at sufficiently large momentum
transfers can be expressed as a convolution of the partonic-level scattering with the probability
(PDFs) of observing the participating partons in the hadron. In other words, the likelihood of
observing a particular process in hadron collisions can be obtained by “multiplying” (convolving)
the probabilities of partons reproducing the desired final-state and the likelihood of finding said
probabilities in the scattering hadrons.
Using the relationship τ = ξ1ξ2, we can make the change of variable∫ 1
ξmin2
dξ2 =
∫ 1
τmin
dτ
ξ1
, (2.264)
allowing us to write
σ(pp→ X + Y ′′) =
∫ 1
τmin
dτ
∫ 1
τ
dξ1
ξ1
[
fa/p(ξ1)fb/p(ξ2)σˆ(ab→ X) + (1↔ 2)
]
. (2.265)
For 2→ 1 processes, this readily simplifies to
σ(pp→ X + Y ′′) =
∫ 1
τmin
dτ
∫ 1
τ
dξ1
ξ1
[
fa/p(ξ1)fb/p(ξ2)
dσˆ
dPS1
∫
dPS1 + (1↔ 2)
]
(2.266)
=
∫ 1
τmin
dτ
∫ 1
τ
dξ1
ξ1
[
fa/p(ξ1)fb/p(ξ2)
dσˆ
dPS1
2π
s
δ(τ − τmin) + (1↔ 2)
]
(2.267)
=
2π
s
∫ 1
τmin
dξ1
ξ1
[
fa/p(ξ1)fb/p(ξ2)
dσˆ
dPS1
+ (1↔ 2)
]
. (2.268)
2.7.1 Inelastic Photon PDF
Following the methodology of Ref. [48], we can extend our discussion on initial-state photons from
electrons and protons in Section 2.6 to initial state photons from quarks in protons. The inelastic
cross section for producing final-state X is given explicitly by
σInel(pp→ X + anything) =
∑
q,q′
∫ 1
τ0
dξ1
∫ 1
τ0/ξ1
dξ2
∫ 1
τ0/ξ1/ξ2
dz
× [fq/p (ξ1, Q2f) fγ/q′ (z,Q2γ) fq′/p (ξ2, Q2f) σˆ (q1γ2) + (1↔ 2)] , (2.269)
τ0 = m
2
X/s, τ = sˆ/s = ξ1ξ2z.
74
The Weizsa¨cker-Williams photon structure function [44,45] is given by
fγ/q(z,Q
2
γ) =
αEM e
2
q
2π
(
1 + (1− z)2
z
)
log
(
Q2γ
ΛInelγ
)
, αEM ≈ 1/137, (2.270)
where e2q = 4/9 (1/9) for up-(down-)type quarks and Λ
Inel
γ is a low-momentum transfer cutoff. In
DGLAP-evolved photon PDFs [59], ΛInelγ is taken as the mass of the participating quark. Ref. [48]
argues a low-energy cutoff O(1 − 2) GeV so that the associated photon is sufficiently off-shell for
the parton model to be valid. Taking ΛInelγ = Λ
El
γ = O(1 − 2) GeV allows for the inclusion of
non-perturbative phenomena without worry of double counting of phase space [3].
Fixing z and defining ξγ ≡ ξ2z, we have the relationships
τ0 = min (ξ1ξ2z) = min (ξ1ξγ) =⇒ min(ξγ) = τ0
ξ1
for fixed ξ1. (2.271)
Physically, ξγ is the fraction of proton energy carried by the initial-state photon. Eq. (2.270) can
be expressed into the more familiar two-PDF factorization theorem, i.e., Eq. (2.262), by grouping
together the convolutions about fq′/p and fγ/q′ :
∑
q′
∫ 1
τ0/ξ1
dξ2
∫ 1
τ0/ξ1/ξ2
dz fγ/q′(z) fq′/p(ξ2) =
∑
q′
∫ 1
τ0/ξ1
dξγ
z
∫ 1
zmin
dz fγ/q′(z) fq′/p
(
ξγ
z
)
(2.272)
=
∫ 1
τ0/ξ1
dξγ f
Inel
γ/p (ξγ) (2.273)
f Inelγ/p
(
ξγ , Q
2
γ , Q
2
f
) ≡ ∑
q′
∫ 1
zmin=ξγ
dz
z
fγ/q′
(
z,Q2γ
)
fq′/p
(
ξγ
z
,Q2f
)
.(2.274)
The minimal fraction z of energy that can be carried away by the photon from the quark corresponds
to when the quark has the maximum fraction ξ2 of energy from its parent proton. Thus, for a fixed
ξγ , we have
1 = max(ξ2) = max
(
ξγ
z
)
=
ξγ
min(z)
=⇒ min(z) = ξγ . (2.275)
The resulting expression is
σInel(pp→ Nℓ±X) =
∑
q
∫ 1
τ0
dξ1
∫ 1
τ0/ξ1
dξ2
[
fq/p
(
ξ1, Q
2
f
)
f Inelγ/p
(
ξ2, Q
2
γ , Q
2
f
)
σˆ (q1γ2) + (1↔ 2)
]
Real, initial-state photons from inelastic quark emissions can be studied in MG5 by linking
the appropriate Les Houches accord PDFs (LHAPDF) libraries [60] and using the MRST2004
QED [59] or NNPDF QED [61] PDF sets. With this prescription, sub-leading (but important)
photon substructure effects [62], e.g., Pgγ splitting functions, are included in evolution equations.
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Figure 5: Parton luminosity as a function of
√
τ at (a) 14 TeV and (b) 100 TeV.
2.7.2 Parton Luminosities
From the Factorization Theorem, we can extract the parton luminosity L, which is a measure of
the parton-parton flux in hadron collisions. Parton luminosities are given in terms of the PDFs
fi,j/p by the expression
Φij(τ) ≡ dLij
dτ
=
1
1 + δij
∫ 1
τ
dξ
ξ
[
fi/p(ξ,Q
2
f )fj/p
(
τ
ξ
,Q2f
)
+ (i↔ j)
]
, (2.276)
where for a process
i+ j → X, (2.277)
we have
σ(pp→ X + Y ) =
∑
i,j
∫ 1
τ0
dξa
∫ 1
τ0
ξa
dξb
[
fi/p(ξa, µ
2)fj/p(ξb, µ
2)σˆ(ij → X) + (i↔ j)] (2.278)
=
∫ 1
τ0
dτ
∑
ij
dLij
dτ
σˆ(ij → X). (2.279)
In Fig. 5, we plot the parton luminosities for various initial-state pairs in
√
s =14 and 100 TeV
pp collisions. We include the light quarks (u, d, c, s) and adopt the 2010 update of the CTEQ6L
PDFs [63]. We evolve the quark PDFs to half the total partonic energy,
Qf =
√
sˆ
2
. (2.280)
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2.7.3 Parton-Vector Boson Luminosities
We can extend the definition of parton luminosities to quark-V -scattering where V is a spin-1 vector
boson that collinearly splits from initial parton i by making the replacement in Eq. (2.278)
fi/p(ξ,Q
2
f ) → fV/p(ξ,Q2V , Q2f ), (2.281)
fV/p(ξ,Q
2
V , Q
2
f ) =
∑
q
∫ 1
ξ
dz
z
fV/q(z,Q
2
V ) fq/p
(
ξ
z
,Q2f
)
(2.282)
resulting in the following qV luminosity formula
ΦqV (τ) =
∫ 1
τ
dξ
ξ
∫ 1
τ/ξ
dz
z
∑
q′
[
fq/p(ξ)fV/q′(z)f
(
τ
ξz
)
+ fq/p
(
τ
ξz
)
fV/q′(z)fq′/p(ξ)
]
. (2.283)
We plot the qV parton luminosities at 14 and 100 TeV pp collisions in Fig. 5 and observe that the
luminosities are typically ∼ α smaller than the qq rates.
2.7.4 Vector Boson Scattering: Double Initial-State Parton Splitting
We further extend luminosities to initial-state V V ′ scattering by making a substitution of initial-
state parton j in Eq. (2.278):
fj/p(ξ,Q
2
f )→ fV/p(ξ,Q2V , Q2f ). (2.284)
The resulting luminosity expression is
ΦV V ′(τ) =
1
(δV V ′ + 1)
∫ 1
τ
dξ
ξ
∫ 1
τ/ξ
dz1
z1
∫ 1
τ/ξ/z1
dz2
z2
∑
q,q′
(2.285)
×
[
fV/q(z2)fV ′/q′(z1) fq/p(ξ)fq′/p
(
τ
ξz1z2
)
+ fV/q(z2)fV ′/q′(z1) fq/p
(
τ
ξz1z2
)
fq′/p(ξ)
]
We plot the WW parton luminosities at 14 and 100 TeV pp collisions in Fig. 5.
2.8 STATISTICS
2.8.1 Poisson Statistics
To determine the discovery potential at a particular significance, we first translate significance into
a corresponding confidence level (CL),1 e.g.,
2σ ↔ 95.45% CL, 3σ ↔ 99.73% CL, 5σ ↔ 99.9999% CL. (2.286)
1We use σ-sensitivity and CL interchangeably in the text.
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Given an given integrated luminosity L, SM background rate σSM, and CL, say 95.45% CL, we solve
for the maximum number of background-only events, denoted by nb, using the Poisson distribution:
0.9545 =
nb∑
k=0
P
(
k|µb = σSML
)
=
nb∑
k=0
(σSML)k
k!
e−σSML. (2.287)
The requisite number of signal events at a 95.45% CL (or 2σ significance) is obtained by solving for
the mean number of signal events µs such that a mean number of total expected events (µs + µb)
will generate nb events only 4.55%(= 100% − 95.45%) of the time, i.e., find µs such that
P
(
k ≥ nb|µ = µs + µb
)
=
(µs + µb)n
b
(nb)!
e−(µ
s+µb) = 0.455. (2.288)
The 2σ sensitivity to nonzero Sℓℓ is then
S2σℓℓ′ =
µs
L × σTot 0 . (2.289)
For fixed signal σs and background σSM rates, µ
s + µb = (σs + σSM)×L. The required luminosity
for a 2σ discovery can then be obtained by solving Eq. (2.288) for L.
2.8.2 Gaussian Statistics
In the large event limit, we approach Gaussian statistics and the uncertainty greatly simplifies. For
given number of expected SM background events Nb and number of actual observed events No, the
significance estimator is given by
σ =
No −Nb√
No
. (2.290)
For a new physics signal, we may replace No − Nb by Ns, the number of signal events after a
luminosity L. Both the signal and background processes then have corresponding cross sections,
labeled by σs and σb. The significance can then expressed as
σ =
Ns√
Ns +Nb
=
σsL√
σsL+ σbL
=
σs√
σs + σb
√
L, (2.291)
indicating a power-law growth in significance as a function of data.
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3.0 HIGGS BOSONS FROM THE TOP DECAYS
3.1 INTRODUCTION
The discovery of a light, Standard Model (SM)-like Higgs boson at the CERN Large Hadron
Collider (LHC) [26, 27] is a tremendous step towards understanding the underlying mechanism of
electroweak (EW) symmetry breaking (EWSB). The observed signal, consistent with the leading
production mechanism gg → h, indicates the existence of the Higgs boson coupling to the top-
quark [64]. Ultimately, the tt¯h coupling may be determined at the LHC luminosity upgrade and
at a high energy e+e− linear collider [5]. Regardless of their rarity, a Higgs boson that is less
massive than the top quark implies that t → h transitions exist. With an annual luminosity of
L = 100 fb−1/yr, the 14 TeV LHC will produce over 90 million tt pairs a year [65]. Thus, searches
for t → h transitions that are sensitive to new physics scenarios are an essential part of the LHC
program. For example: the rare decay involving the Flavor Changing Neutral Current (FCNC)
t→ ch. (3.1)
This process is particularly interesting for several reasons. At leading order, it is induced at one-
loop in the SM and, due to GIM suppression [35,66,67], its branching fraction is very small, about
10−14. NLO QCD contributions increase this by 10% [68]. However, new physics beyond the
SM (BSM), such as an extended Higgs sector [66, 69–72] or Supersymmetry (SUSY) [73–75], can
significantly enhance this decay, making it a very sensitive channel to new physics.
In this study, we consider another t→ h transition:
t→W ∗b h, (3.2)
where the off-shell W ∗ decays to a pair of light fermions. We now know that this is kinematically
allowed in the SM. Proceeding at tree-level through the diagrams depicted in Fig. 6, Eq. (3.2) has
been previously evaluated [76–82]. Both the tth andWWh interactions are simultaneously involved,
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resulting in a certain subtle, but accidental, cancellation. The predicted branching fraction in the
SM is about 10−9. Though still small, the rate is significantly larger than that of Eq. (3.1), thereby
representing the leading t→ h transition in the SM. Subsequently, we are motivated to investigate
how sensitive Eq. (3.2) is to new physics.
To systematically quantify this sensitivity in a model-independent fashion, we first employ the
approach of Effective Field Theory (EFT). In particular, we consider the effects of gauge invariant,
dimension-six operators that can alter the tth interaction and take into account constraints on
anomalous tth couplings imposed by data.
It is highly probable that the scalar sector responsible for the EWSB extends well beyond a
solitary Higgs boson. For example: in the Two Higgs Doublet Model (2HDM), one of the best
motivated SM extensions, an additional scalar SU(2)L doublet is introduced to facilitate EWSB.
We extend our study into leading t → h transitions by considering CP-conserving variants of
the so-called Type I and Type II 2HDM, denoted by 2HDM(I) and 2HDM(II), respectively. The
corresponding decay channel is
t→W ∗bH → f1f¯2 bH, (3.3)
where H is generically either one of the two CP-even (h, H) or the CP-odd (A) Higgs bosons, and
f1, f2 are the light fermions in the SM. For h/H, Eq. (3.3) proceeds identically though Fig. 6. For
A, the middle diagram is absent.
The remainder of this analysis proceeds as follows: In section 3.2, we introduce our theoretical
framework and comment on current experimental constraints for each new physics scenario. We
then present in section 3.3 the SM, EFT, 2HDM(I), and 2HDM(II) predictions for the top quark
branching fraction of Eq. (3.3) over respective parameter spaces. Observation prospects at present
and future colliders are briefly addressed in section 3.4. Finally in section 3.5, we summarize our
results and conclude.
3.2 THEORETICAL FRAMEWORK
The theoretical frameworks under consideration include the effective field theory (EFT) for tth
interactions up to dimension-six operators (Section 3.2.1), the two Higgs doublet model of Type
I [2HDM(I)] (Section 3.2.3), and Type II [2HDM(II)] (Section 3.2.4). Current experimental con-
straints on the model parameters are also presented.
80
t
t∗
b
h
W ∗
f1
f2
Figure 6: Feynman diagrams representing the leading transition t → H in Eqs. (3.2) and (3.3).
Drawn using the package JaxoDraw [83].
3.2.1 The SM as an Effective Field Theory
To systematically search for new physics beyond the reach of present-day experiments, we employ
Effective Field Theory (EFT) to model new physical phenomena and linearly realize the SM gauge
symmetries [84–86]. After integrating out heavy degrees of freedom at a scale Λ, the low energy
effects can be parameterized by
L = LSM + LEff., LEff. =
∑
i,j
fi,j
Λi
Oi,j, (3.4)
where LSM is the SM Lagrangian, the fi,j are real, dimensionless “anomalous couplings” naturally
of order 1 ∼ 4π, and Oi,j represent SU(3)c×SU(2)L×U(1)Y -invariant, dimension-(4+ i) operators
constructed solely from SM fields. When fi,j → 4π, however, one is likely in the strong coupling
regime and the EFT approach breaks down. Here, fi,j is assumed to be O(1). For the remainder
of the text, we consider only the next-to-leading interactions at dimension-six and drop the i = 2
subscript.
3.2.1.1 EFT framework and parameters Many linearly independent dimension-six opera-
tors can affect the tth, WWh, bbh, tWb, htc/u, or 4-point tWbh vertices [84–94]. Results from the
ATLAS and CMS experiments indicate that the WWh coupling is close to its SM value [26,27,64],
and evidence suggest that the bbh coupling cannot be much larger than the SM prediction [95,96].
As dimension-six tWbh verticies originate from terms of the form tWb(v + h) [85, 89], the size of
anomalous 4-point tWbh couplings are restricted to be small by the stringent limits on anomalous
tWb couplings [88,90,97–100]. Anomalous htc/u couplings are constrained to be small [72,101–103].
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As we are interesting in the next-to-leading contribution to the t→W ∗bh transition, we consider
those operators affecting the weakly constrained tth vertex only. In the basis of Ref. [85], the
most general tth interaction Lagrangian one can construct using linearly independent dimension-
six operators requires only two operators [92] (one CP-even and one CP-odd):
Ot1 =
(
Φ†Φ− v
2
2
)(
qLtRΦ˜ + Φ˜
†tRqL
)
, Ot1 = i
(
Φ†Φ− v
2
2
)(
qLtRΦ˜− Φ˜†tRqL
)
, (3.5)
where Φ is the SM Higgs SU(2)L doublet with U(1)Y hypercharge +1,
v =
√
2〈Φ〉 ≈ 246 GeV, qL = (tL, bL), Φ˜ = iσ2Φ∗, tL/R = PL/Rt, (3.6)
and PL/R =
1
2 (1∓ γ5) is the left/right-handed (LH/RH) chiral projection operator. These respec-
tively lead to anomalous scalar- and pseudoscalar-type interactions and correspond to the operator
Quϕ in Refs. [86, 93], which assume complex Wilson coefficients. To investigate the sensitivity of
operators that select out different kinematic features from those listed above, we consider also the
two redundant1 (CP-odd) operators
O(1)Φq =
[
Φ†(DµΦ) + (DµΦ)†Φ
]
(qLγ
µqL), Ot2 =
[
Φ†(DµΦ) + (DµΦ)†Φ
]
(tRγ
µtR), (3.7)
which respectively lead to anomalous left/right-handed (LH/RH) chiral couplings. We do not
consider other operators that can affect the t→ W ∗bh decay because their Wilson coefficients are
strongly constrained by data.
After EWSB, the tth interaction Lagrangian contains four2 new independent terms:
Ltth = − 1√
2
t
(
yt − gS − igP γ5
)
th+
(
∂µh
v
)
tγµ
(
gLPL + g
RPR
)
t, (3.8)
where yt is the SM top quark Yukawa coupling,
yt =
gmt√
2MW
≃ 1, (3.9)
and the anomalous couplings gX beyond the SM (BSM) are
gS = ft1
v2
Λ2
, gP = f t1
v2
Λ2
, gL = f
(1)
Φq
v2
Λ2
, gR = f t2
v2
Λ2
. (3.10)
1 Using integration by parts and the appropriate equations of motion, e.g., i
−→
6DqL = yuuRΦ˜+yddRΦ, one finds that
the operator Ot2 is linearly dependent on Ot1 and Ot1 plus the bottom quark analogues. Similarly, O
(1)
Φq is linearly
dependent on Ot1 and Ot1 [86].
2 The anomalous LH chiral bbh coupling from O
(1)
Φq is ignored as its contribution suffers from kinematic and helicity
suppression. See the discussion in Sections 3.3 and 3.3.1.
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Table 6: Bounds on EFT couplings
Operator gX Bound Λ/
√
|fO| [GeV]
Ot1
−0.72 < gS < 0.21 > 537
1.77 < gS < 2.70 150− 185
Ot1 −1.4 < gP < 1.4 > 208
The relative minus signs between yt and g
X are arbitrary due to the unknown couplings f . To
better understand the influence of gS and gP on Eq. (3.2), it is useful to rewrite the relevant parts
of Eq. (3.42) as
yt − gS − igP γ5 = gEff.
(
e−iδCPPR + eiδCPPL
)
, (3.11)
where the effective coupling, gEff., and the CP-violating (CPV) phase, δCP, are
gEff. ≡
√
(yt − gS)2 + gP 2, δCP ≡ sin−1
[
gP√
(yt − gS)2 + gP 2
]
. (3.12)
3.2.1.2 EFT Constraints Independent of deviations in the h → γγ channel and with no
assumption on the Higgs boson’s total width, ATLAS has measured the gluon-gluon fusion (ggF)
scale factor to be [64]
κg = 1.08
+0.32
−0.14, κ
2
g ≡ σ(gg → h)/σSM(gg → h). (3.13)
Since ggF is dominated by a top quark loop, we can approximate an anomalous gS contribution to
the observed rate by
σ(gg → h) = κ2g × σSM (gg → h) ≈
(yt − gS)2
y2t
× σSM (gg → h), (3.14)
implying
gS ∈ [−0.72, 0.21] ∪ [1.77, 2.70] at 2σ. (3.15)
Similarly, we can relate Eq. (3.13) to gP by
σ(gg → h) = κ2g × σSM(gg → h) ≈
y2t + (g
P )2
y2t
× σSM (gg → h), (3.16)
indicating
gP ∈ [−1.41, 1.41] at 2σ. (3.17)
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We next translate measurements of κg into bounds on the cutoff scale of new physics involving
operators Ot1 and Ot1. The bounds on new physics scales Λ/
√
|fO| are given in Table 6. With
the Naive Dimensional Analysis (NDA) [104,105] and fO ∼ O(1), the new physics scale is pushed
to about O(1 TeV). Translating limits on κg into bounds on gL/R, and hence on O(1)Φq and Ot2, is
a nontrivial procedure due to the derivative coupling. Subsequently, such results are not presently
available.
3.2.2 Linear Dependence of EFT Operators
Reference [93,94] argue that the operators
Ot1 =
(
ϕ†ϕ− v
2
2
)(
qLtRϕ˜+ ϕ˜
†tRqL
)
, Ot1 = i
(
ϕ†ϕ− v
2
2
)(
qLtRϕ˜− ϕ˜†tRqL
)
Ot2 =
[
ϕ†(Dµϕ) + (Dµϕ)†ϕ
]
(tRγ
µtR), O(1)ϕq =
[
ϕ†(Dµϕ) + (Dµϕ)†ϕ
]
(tLγ
µtL), (3.18)
are linearly dependent with respect to each other. Following the notation of Ref. [86], ϕ is the
Higgs SU(2)L doublet, ϕ˜ = iσ
2ϕ∗, qL = (tL, bL), and tL/R = PL/Rt, where PL/R = 12(1 ∓ γ5)
is the LH/RH chiral projection operator. In this basis, all the operators above have real Wilson
coefficients. These effective operators introduce (clockwise beginning from Ot1) anomalous scalar,
pseudoscalar, LH vector couplings, and RH vector couplings. The bottom two operators introduce
derivative couplings of the form
(∂µh)γ
µPR/L. (3.19)
We will show that Ot2 is equivalent to the top two operators, up to an overall coefficient; we will
also show that O(1)ϕq can be expressed in terms of the first two operators and the bR analogue.
To demonstrate this, the equations of motion (EoM) for quarks will be necessary. They can be
obtained from the SM Lagrangian:
LQuarks = iqL6DqL + iuR6DuR + idR6DdR (3.20)
− ΓuqLuRϕ˜− ΓdqLdRϕ − Γ†uϕ˜†uRqL − Γ†dϕ†dRqL, (3.21)
where Γf represent Yukawa couplings and, for T
A = 12λ
A and SI = 12σ
I ,
(DµqL)
αj =
(
∂µ + igsT
A
αβG
A
µ + igS
I
jkW
I
µ + ig
′YqBµ
)
qβk, (3.22)
with weak isospin and color indices j, k = 1, 2 and α, β = 1, 2, 3.
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Taking the appropriate functional derivatives, the EoMs can be obtained. For qL, the RH
up-type quark uR and the RH down-type quark dR these are
i
−→6DqL = ΓuuRϕ˜+ ΓddRϕ ⇐⇒ iqL
←−6D = −i
(−→6D qL) = −Γ†uϕ˜†uR − Γ†dϕ†dR (3.23)
i
−→6DuR = Γ†u
(
ϕ˜†qL
)
⇐⇒ iuR ←−6D = −i
(−→6D uR) = −Γu (qLϕ˜) (3.24)
i
−→6DdR = Γ†d
(
ϕ†qL
)
⇐⇒ idR ←−6D = −i
(−→6D dR) = −Γd (qLϕ) (3.25)
3.2.2.1 Ot1 and Ot1 As noted above, Ot1 and Ot1 possess real Wilson coefficients. The
operators in Ref. [86] possess complex coefficients, and so the operator
Quϕ =
(
ϕ†ϕ
)
(qLdRϕ˜) (3.26)
in Ref. [86] maps with a one-to-one correspondence to Ot1 and Ot1.
3.2.2.2 Ot2 For the operator Ot2, we see
Ot2 =
[
ϕ†(Dµϕ) + (Dµϕ)†ϕ
]
(tRγ
µtR) (3.27)
=
[
ϕ†(∂µϕ) + (∂µϕ)†ϕ
]
(tRγ
µtR) (3.28)
=
[
∂µ(ϕ
†ϕ)
]
(tRγ
µtR) (3.29)
IBP
=
[∫
. . .
]
+ (ϕ†ϕ)Dµ
(
tRγ
µtR
)
(3.30)
=
[∫
. . .
]
+ (ϕ†ϕ)
[(
tR
←−6DtR
)
+
(
tR
−→6DtR
)]
(3.31)
=
[∫
. . .
]
+ (ϕ†ϕ)
[
iΓt (qLϕ˜) tR + iΓ
†
ttR
(
ϕ˜†qL
)]
(3.32)
=
[∫
. . .
]
+ i [ΓtQuϕ +H.c.] , (3.33)
where
[∫
. . .
]
denotes a total derivative and has no observable effect on the physical amplitude.
Subsequently, we see that this operator is proportional to Quϕ and its Hermitian conjugate, and
hence is a linear combination of Ot1 and Ot1.
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3.2.2.3 O(1)ϕq For the operator O(1)ϕq , we obtain
O(1)ϕq =
[
ϕ†(Dµϕ) + (Dµϕ)†ϕ
]
(qLγ
µqL) (3.34)
=
[
∂µ(ϕ
†ϕ)
]
(qLγ
µqL) (3.35)
IBP
=
[∫
. . .
]
+ (ϕ†ϕ)Dµ (qLγµqL) (3.36)
=
[∫
. . .
]
+ (ϕ†ϕ)
[(
qL
←−6DqL
)
+
(
qL
−→6DqL
)]
(3.37)
=
[∫
. . .
]
+ (ϕ†ϕ)
[
i
(
Γ†t ϕ˜
†tR + Γ
†
b ϕ
†bR
)
qL − iqL (Γt tRϕ˜+ Γb bRϕ)
]
(3.38)
=
[∫
. . .
]
+ i(ϕ†ϕ)
[
Γ†t(ϕ˜
†tRqL) + Γ
†
b(ϕ
†bRqL)− Γt(qLtRϕ˜)− Γb(qLbRϕ)
]
(3.39)
=
[∫
. . .
]
+ i [H.c. − ΓtQuϕ − ΓbQdϕ] (3.40)
where Qdϕ is a Ref. [86] operator and
Qdϕ =
(
ϕ†ϕ
)
(qLuRϕ) . (3.41)
In this case, Oϕq is linearly independent only because we do not include an operator analogous
to Qdϕ. However, Ref. [92] points out that the most general tth Lagrangian constructed from the
minimal set of dimension-6 operators has the form
Ltth = − 1√
2
t
(
Y Vt + iY
P
t γ
5
)
th (3.42)
for real Y V,At because the derivative coupling terms identically vanish due to equations of motion.
The dimension-six operators used here are taken from from Whisnant, et al. [85]. However, the
issue of redundant operators reported by Grzadkowski [86], Aguilar-Saavedra [92], and Einhorn &
Wudka [93,94] appeared more than a decade after the Whisnant, et al.
3.2.3 Type I Two Higgs Doublet Model
In the generic CP-conserving 2HDM, EWSB is facilitated by two SU(2)L doublets, Φi, for i ∈ {1, 2},
each with U(1)Y hypercharge +1 and a nonzero vacuum expectation value (vev) vi. A Z2 symmetry
is applied for Φ1 ↔ Φ2 to eliminate tree-level FCNC but may be softly broken at loop-level. After
EWSB, there are five physical spin-0 states: h, H, A, and H±, which are respectively the two
CP-even, single CP-odd, and U(1)EM charged Higgs bosons with masses mh,mH , mA, and mH± .
By convention, we fix the ordering of h and H by taking
mh < mH .
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Table 7: Neutral Scalar Boson Couplings in the 2HDM(I) Relative to the SM Higgs Couplings
Vertex SM 2HDM I sin(β − α) = 1−∆V
huu/dd 0 or 1 cosαsinβ 1−∆V +
√
2∆V −∆2V cot β
hW+W− 0 or 1 sin(β − α) 1−∆V
Huu/dd 0 or 1 sinαsinβ (∆V − 1) cot β +
√
2∆V −∆2V
HW+W− 0 or 1 cos(β − α)
√
2∆V −∆2V
Auu - cot β cot β
Add - − cot β − cot β
Two angles, α and β, remain as free parameters. α measures the mixing between the two CP-even
Higgs fields to form the mass eigenstates (h, H) and spans α ∈ [−π/2, π/2]. β represents the
relative size of 〈Φi〉 and is defined by
tan β ≡ 〈Φ2〉/〈Φ1〉 = v2/v1, β ∈ [0, π/2]. (3.43)
Reviews of various 2HDMs and their phenomenologies can be found in Refs. [106–108].
3.2.3.1 Type I 2HDM framework and parameters In the 2HDM(I), much like in the SM,
only one Higgs doublet is responsible for generating fermion masses and couples accordingly; the
second CP-even Higgs boson interacts with fermions through mixing. The interaction Lagrangian
relevant to this study is
L ∋ − gmu
2MW
u
(
h
cosα
sin β
+H
sinα
sinβ
− iγ5A cot β
)
u
− gmd
2MW
d
(
h
cosα
sin β
+H
sinα
sin β
+ iγ5A cot β
)
d
+ gMWWµW
µ [h sin(β − α) +H cos(β − α)] . (3.44)
In Eq. (3.44), uL(R) is the LH (RH) up-type quark spinor, dL(R) is the down-type quark analogue,
and g is the weak coupling constant in the SM.
Discovering a Higgs boson with SM-like couplings greatly impacts the 2HDM. In particular, the
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measured couplings to weak bosons [26,27,64] imply either
sin(β − α) ≈ 1 for h to be SM-like, (3.45)
or cos(β − α) ≈ 1 for H to be SM-like. (3.46)
Generally, we may parameterize how far sin(β − α) is away from one and define ∆V such that
sin(β − α) ≡ 1−∆V , 0 ≤ ∆V ≤ 1. (3.47)
We restrict the couplings to have the same sign as those of the SM [32] and limit ∆V up to
one. Eq. (3.47) maps to the parameterization used by the SFitter Collaboration [109] by taking
∆V → −∆V and allowing ∆V < 0. After substituting α by ∆V in Eq. (3.44), we have
L ∋ − gmu
2MW
u
[
h
(
1−∆V +
√
2∆V −∆2V cotβ
)
+H
(
(∆V − 1) cotβ +
√
2∆V −∆2V
)]
u
− gmd
2MW
d
[
h
(
1−∆V +
√
2∆V −∆2V cotβ
)
+H
(
(∆V − 1) cotβ +
√
2∆V −∆2V
)]
d
+
gmu
2MW
u
[
iγ5A cotβ
]
u− gmd
2MW
d
[
iγ5A cotβ
]
d
+ gMWWµW
µ
[
h(1−∆V ) +H
√
2∆V −∆2V
]
. (3.48)
Table 7 summarizes the bosonic and fermionic couplings to the neutral scalar in the 2HDM(I)
relative to those in the SM, i.e., the 2HDM(I) coupling coefficient divided by the SM coupling
coefficient. In the small (large) ∆V limit, h (H) becomes SM-like and H (h) becomes non-SM-like.
At ∆V = 0 (∆V = 1), H (h) decouples from the gauge bosons. The relevant tree-level couplings
to A are independent of ∆V as they are initially independent of α. In the large tan β limit, A
decouples from the theory. For all parameter scenarios considered, we identify the SM-like Higgs
as the one with stronger couplings to WW, ZZ, and having a mass of 125.5 GeV.
3.2.3.2 Type I 2HDM Constraints Since the Higgs boson’s discovery, many reports have
appeared investigating the 2HDMs’ compatibility with data [32,109–122]. We list here constraints
relevant to the 2HDM(I) and note when a result is applicable to other types. The following bounds
assume one SM-like Higgs boson at approximately 126 GeV.
(i) cos(β − α) − tan β Parameter Space: A global fit of available LHC data, in particular from
h→ γγ, V V, bb¯, τ+τ−, has set stringent bounds [121]. Representative values at 95%CL are
cos(β − α) < 0.3 (0.40) [0.42] for tan β = 2.4 (10) [100]. (3.49)
Similar conclusions have been reached by Refs. [115,117,119,120,122].
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(ii) mH±−tan β Parameter Space: For all 2HDMs, flavor observables exclude at 95% CL [123,124]
tan β < 1 for mH± < 500 GeV. (3.50)
Values of tan β < 1 are allowed given a sufficiently heavy H± [114, 116, 123, 124]. Due to
the particular tan β dependence, no absolute lower bound on mH± from flavor constraints
exists in the 2HDM(I) [123]. An observation of excess B → D∗τν decays [125] has yet to be
confirmed and is not considered.
(iii) Additional Higgs Masses: For both 2HDM(I) and (II), additional CP-even scalars below LEP
bounds [126–128] are allowed given sufficiently decoupled H± and A [112]. A second CP-even
Higgs is incompatible with LHC data for mass
180 GeV < mH < 350 GeV, (3.51)
but allowed outside this range [113]. Direct searches for H± and A exclude [127–130]
mH± , mA . 80 GeV. (3.52)
Additional considerations include the compatibility of a SM-like Higgs boson with EW precision
data in general 2HDMs [110], the perturbative unitarity limits on the heavy Higgs masses in a
general, CP-conserving 2HDM [118,131,132], and perturbative unitarity limits on tan β in an exact
Z2-symmetric, CP-conserving 2HDM [111, 119]. Since FCNC do exist in nature and the SM, it is
unnecessary to impose the severe constraints on tan β associated with an exact Z2 symmetry.
3.2.4 Type II Two Higgs Doublet Model
3.2.4.1 Type II 2HDM framework and parameters In the 2HDM(II), one Higgs doublet is
assigned a hypercharge +1, giving masses to fermions with weak isospin T 3L = +
1
2 , and the second
is assigned a hypercharge −1, giving masses to T 3L = −12 fermions. The doublets are denoted
respectively by Φu and Φd, and β is written as
tan β ≡ 〈Φu〉/〈Φd〉 = vu/vd. (3.53)
After EWSB, the CP-conserving interaction Lagrangian relevant to Eq. (3.3) is similar to Eq. (3.44),
with the only difference being the down-type quark Yukawa couplings:
L ∋ − gmd
2MW
d
(
−h sinα
cos β
+H
cosα
cos β
− iγ5A tan β
)
d. (3.54)
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Table 8: Neutral Scalar Boson Couplings in the 2HDM(II) Relative to the SM Higgs Couplings
Vertex SM 2HDM II sin(β − α) = 1−∆V
huu 0 or 1 cosαsinβ 1−∆V +
√
2∆V −∆2V cot β
hdd 0 or 1 − sinαcos β 1−∆V −
√
2∆V −∆2V tan β
hW+W− 0 or 1 sin(β − α) 1−∆V
Huu 0 or 1 sinαsinβ (∆V − 1) cot β +
√
2∆V −∆2V
Hdd 0 or 1 cosαcos β (1−∆V ) tan β +
√
2∆V −∆2V
HW+W− 0 or 1 cos(β − α)
√
2∆V −∆2V
Auu − cot β cot β
Add − tan β tan β
The notation used in Eq. (3.54) is the same as the 2HDM(I) Lagrangian Eq. (3.44). Using Eq. (3.47),
and similar to Eq. (3.48), the preceding line becomes
L ∋ − gmd
2MW
d
[
h
(
1−∆V −
√
2∆V −∆2V tanβ
)
+H
(
(1−∆V ) tanβ +
√
2∆V −∆2V
)]
d
+ i
gmd
2MW
dγ5d A tanβ. (3.55)
Table 8 summarizes the bosonic and fermionic couplings to the neutral scalars in the 2HDM(II)
relative to those in the SM. Like the 2HDM(I), in the small (large) ∆V limit, h (H) becomes
SM-like and H (h) becomes non-SM-like. At ∆V = 0 (∆V = 1), H (h) decouples from the gauge
bosons. In this same limit, the h (H) Yukawa couplings become independent of tan β. Unlike the
2HDM(I), A only decouples from the theory if taken to be infinitely heavy.
An important feature for the Higgs couplings to fermions is that the down-type quark couplings
are enhanced at higher values of tan β, while the up-type quark couplings are suppressed. For the
charged Higgs however, there is an interplay between the two and the particular value tan β =√
mMSt (mt)/m
MS
b (mt) ≈ 7.6 minimizes the decay t→ H+b. Though no such minima occur in the
2HDM(I), sensitivity to tan β = 7.6 will be investigated in both 2HDM scenarios.
3.2.4.2 Type II 2HDM Constraints Constraints relevant to the 2HDM(II) are listed here.
See Section 3.2.3 for generic 2HDM bounds.
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(i) cos(β − α) − tan β Parameter Space: A global fit of available LHC data, in particular from
h→ γγ, V V, bb¯, τ+τ−, has set stringent bounds [121]. Representative values at 95% CL are
cos(β − α) < 0.06 (0.01) for tan β = 2.4 (10). (3.56)
Similar conclusions have been reached by Refs. [115,117,119,120,122].
(ii) mH± − tan β Parameter Space: Flavor observables, and in particular BR(B → Xsγ), exclude
at 95% CL [124,133,134]
mH± < 327 GeV for all tan β (3.57)
From BR(B → τν) measurements, the UTfit Collaboration [135] has determined the absolute
bound
tan β < 7.4
mH±
100 GeV
. (3.58)
3.3 BRANCHING RATIOS
The discovery of a SM-like Higgs boson at 126 GeV [26,27,64] implies that
t→W+∗bh, W+∗ → f1f¯2 (3.59)
is kinematically allowed and proceeds through the diagrams given in Fig. 6. Following Ref. [81],
we define the t→W ∗bh partial width as
Γ(t→Wbh) = Γ(t→ µ
+νµbh)
BR(W → µνµ) , (3.60)
and the t→ W ∗bh branching ratio by
BR(t→Wbh) = Γ(t→ Wbh)
ΓTot.
, ΓTot. ≡ Γ(t→Wb). (3.61)
With CalcHEP 3.4.2 [53–55], we find excellent agreement with Ref. [81]. With updated param-
eters [26,27,64,136]:
mMSt (mt) = 173.5 GeV, m
MS
b (mt) = 3.01 GeV, mh = 125.5 GeV, mµ = 0 GeV,
MW = 80.385 GeV, MZ = 91.1876 GeV, GF = 1.1663787× 10−5 GeV−1,
ΓW = 2.085 GeV, BR(W → µν) = 0.1057, (3.62)
we calculate ΓTot. at leading order to be
ΓTot. = 1.509 GeV, (3.63)
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Table 9: BR(t→ Wbh) for Benchmark Values of Anomalous tth Couplings
gX BR(t→Wbh)
gS 0.5 1.075 × 10−9
−0.5 3.078 × 10−9
gP 0.5 1.929 × 10−9
−0.5 1.928 × 10−9
gL 0.5 1.812 × 10−9
−0.5 1.812 × 10−9
gR 0.5 1.927 × 10−9
−0.5 1.928 × 10−9
and find that the SM predicts
BRSM(t→ Wbh) = 1.80 × 10−9. (3.64)
The smallness of this branching fraction falls from several features, including phase space suppres-
sion associated with the three-body final state, kinematic suppression due to the off-shell W boson,
and an accidental cancellation between the leading tth and subleasing WWh diagrams. Neverthe-
less, this decay rate is O(105) larger than the well-studied [66,67] two-body t→ ch transition. This
is due to the GIM suppression for the FCNC.
In the remainder of this section, we investigate how the branching fraction can change in the
context of EFT, 2HDM(I), and 2HDM(II).
3.3.1 EFT BR(t→Wbh)
We present first the behavior of BR(t → Wbh) as a function of anomalous tth couplings. For one
non-zero anomalous coupling from Eq. (3.42) at a time, we calculate the branching fraction over
the domain gX ∈ [−2,+2] and set all other anomalous couplings to zero. Bounds on gS and gP ,
Eqs. (3.15) and (3.17) respectively, are applied. The results are shown in Fig. 7. To investigate
the sensitivity of operators that select out different kinematic features, we include the redundant
operators listed in Eq. (3.7), which give rise to anomalous gL and gR. In all plots, the SM prediction
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Figure 7: BR(t→Wbh) as a function of (a) gS , (b) gP , (c) gL, (d) gR. The solid line denotes the
SM prediction, Eq. (3.64). The shaded region is excluded at 95% C.L.
as in Eq. (3.64) is shown as a (black) solid line labeled by “SM”. Table 9 lists values of the branching
fraction for various benchmark values of gX .
In Fig. 7(a), BR(t → Wbh) as a function of the anomalous scalar coupling gS is shown. From
the Lagrangian in Eq. (3.11), it is clear that (yt − gS) acts as an effective Yukawa coupling. For
gS < 0, the anomalous coupling enhances the already dominant top-Higgsstrahlung diagram. For
gS > 0, an accidental cancellation among the anomalous scalar, Yukawa, and gauge terms results in
a minimum at gS ≈ 0.92. When gS & 0.92, the quadratic term takes over and causes the branching
fraction to grow. An observed transition rate smaller than the SM prediction thus implies that
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gS > 0. Indirect measurements of the tth coupling, as seen in Fig. 7(a), indicate that
BR(t→Wbh) = (0.8 ∼ 2.1) × BRSM(t→ Wbh). (3.65)
Figure 7(b) shows the influence of an anomalous pseudoscalar coupling, gP , on BR(t→ Wbh).
From the Lagrangian in Eq. (3.11), similar to the discussions in the previous session, the t → h
transition is symmetric with respect to gP due to the dominance of the quadratic term. Both
couplings contribute greatest when the intermediate, off-shell top quark propagates in its RH he-
licity state, which gives an mt enhancement over other diagrams. The CPV associated with δCP is
unobservable here because the asymmetry is proportional to interference terms, which are small.
The linear dependence on gS in interference terms from the previous case and the strict quadratic
dependence on gP here implies that that branching fraction is less sensitive to small values of gP
than it is to small values of gS . The rate therefore grows more slowly as a function of gP than gS .
As seen in Figure 7(b), the bounds on gP allow
BR(t→Wbh) = (1 ∼ 1.5)× BRSM(t→Wbh). (3.66)
In Fig. 7(c), we see the branching fraction as a function of an anomalous LH vector current
with coupling gL. Over the domain investigated, the contribution is rather small. We turn to
kinematics to elucidate this behavior. First, the anomalous contribution is proportional to kµ/v,
where kµ is the momentum of the Higgs. Since the energy budget for this process is fixed at mt,
and since we require a final state Higgs (Eh & mh), kµ/v ∼ Eh/v ranges between 0.5 ∼ 0.6, leading
to kinematic suppression of anomalous contributions. Second, note that a fermion participating in
two sequential LH chiral interactions necessarily propagates in its LH helicity state. Hence, the
anomalous contribution is proportional to the internal, off-shell top quark momentum and leads to
helicity suppression of anomalous contributions. We consequently expect and observe very small
growth in the branching fraction over the range of gL.
Figure 7(d) displays the results for BR(t → Wbh) as a function of anomalous RH vector
current with coupling gR. Unlike the LH case, the anomalous contribution has a large effect over
the domain considered, comparable to gS and gP . As in the previous case, there is kinematic
suppression; however, there is no longer helicity suppression. A massive fermion participating in
a RH chiral interaction followed by a LH chiral interaction propagates in its RH helicity state.
Hence, as in the gP case, the anomalous contribution is proportional to mt. Comparatively, there
is a faster rise in the transition rate as a function of gR than gL.
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Table 10: BR(t→WbH) for Benchmark Values of Higgses in the 2HDM(I)
H (125.5 GeV) ∆V tan β BR
2HDM(I)(t→WbH)
h 0.05 3 1.840 × 10−9
h 7.6 1.714 × 10−9
H 0.7 3 1.460 × 10−9
H 7.6 1.567 × 10−9
h 0.7 3 4.643 × 10−10
h 7.6 2.573 × 10−10
A (100 GeV) 3 1.814 × 10−9
A (100 GeV) 7.6 2.829 × 10−10
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Figure 8: The 2HDM(I) BR(t → WbH) as a function of (a) tan β for SM-like h (long dash), H
(dash-dot), and non-SM-like h (short dash), H (dot); (b) ∆V for h at tan β = 3 7.6, 15 (short
dash, long dash, dash-dot), and for H (dot, long dash, dash-dot). The solid line denotes the SM
prediction, Eq. (3.64).
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3.3.2 Type I 2HDM BR(t→WbH)
The behavior of BR(t → WbH), where H represents h, H, or A in the 2HDM(I), is presented in
this section. To explore sensitivity to the anomalous WWH coupling, ∆V , we consider
tan β = 3, 7.6, 15 for ∆V ∈ [0, 1]. (3.67)
For these values of tan β, the largest deviation in the WWH coupling allowed by present data
corresponds to a light SM-like Higgs with cos(β − α) = 0.3, i.e.,
∆V = 0.05 (0.7) for h (H) ≈ hSM . (3.68)
To determine the mass sensitivity, we focus on the mass windows
mh ∈ [95 GeV, 126 GeV], mH ∈ [126 GeV, 155 GeV], mA ∈ [95 GeV, 155 GeV]. (3.69)
Below 95 GeV, the SM Z boson background becomes relevant, making observation of the transition
very difficult; above 155 GeV the kinematic suppression of t→ H/A becomes too great for practical
purposes. However, it is straightforward to extrapolate these results in the event of a neutral scalar’s
discovery in these peripheral ranges.
Table 10 lists values of BR(t→WbH) for several Higgses and benchmark parameter values.
3.3.2.1 BR(t → Wbh,H) vs tan β, ∆V The decay rates for t → W ∗bh and t → W ∗bH as a
function of (a) tan β and (b) ∆V are shown in Fig. 8. Except for low value of tan β < 3, the rates
are always smaller than the SM rate. Beyond tan β ≈ 3, the SM-like CP-even Higgs rates become
independent of tan β and converge to asymptotic values; for the non-SM-like Higgses, this occurs
at tan β ≈ 15. To see how this happens, note that the Yukawa couplings in the 2HDM(I) (Table
7) take the simple form
c1 cot β + c2, (3.70)
where c1,2 are elementary functions of ∆V , as seen in Table 7. In the large tan β limit, the c1 part
vanishes, leaving the asymptotic value c2. In the SM-like limit, the c2 terms are larger than the
c1 contributions, whereas the reverse holds in the non-SM-like limit. We extract asymptotic values
by observing that for a given CP-even Higgs the c2 terms and WWH couplings are the identical.
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Figure 9: The 2HDM(I) BR(t → WbH) as a function of mass for a non-SM-like (a) h and (b)
H assuming tan β = 3, 7.6, 15 (short dash, long dash, dash-dot). The solid line denotes the SM
prediction, Eq. (3.64).
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Figure 10: The 2HDM(I) BR(t→WbA) as a function of (a) tan β and (b)mA for tan β = 3, 7.6, 15
(short dash, long dash, dash-dot). The solid line denotes the SM prediction, Eq. (3.64).
Consequently,
lim
tan β→∞
BR2HDM(I)(t→Wbh) = (1−∆V )2BRSM(t→Wbh)
= sin2 (β − α) BRSM (t→ Wbh) (3.71)
lim
tan β→∞
BR2HDM(I)(t→ WbH) = (2∆V −∆2V )BRSM (t→Wbh)
= cos2 (β − α) BRSM (t→ Wbh). (3.72)
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For our choices of ∆V , the asymptotic rates in Fig. 8(a) are
lim
tan β→∞
BR
2HDM(I)
∆V =0.7
(t→WbH) = 0.910 × BRSM (t→Wbh), (3.73)
lim
tanβ→∞
BR
2HDM(I)
∆V =0.05
(t→Wbh) = 0.903 × BRSM (t→Wbh), (3.74)
lim
tan β→∞
BR
2HDM(I)
∆V =0.05
(t→WbH) = 0.098 × BRSM (t→Wbh), (3.75)
lim
tanβ→∞
BR
2HDM(I)
∆V =0.7
(t→Wbh) = 0.090 × BRSM (t→Wbh), (3.76)
and agree well with numerical calculations.
The ∆V dependence in Fig 8(b) and the relationship between h and H is indicative of much
broader behavior found in all 2HDM variants. To saturate the sum rule for the electroweak sym-
metry breaking [106], the hWW coupling (ghWW ) and the HWW coupling (gHWW ) obey
g2hWW + g
2
HWW = g
2
hSMWW , (3.77)
where ghSMWW is the SM hWW coupling. For h and H with degenerate masses,
BR(t→Wbh) +BR(t→ WbH) = BRSM (t→Wbh) +O(cot2 β). (3.78)
Indeed, Eqs. (3.71) and (3.72) satisfy this relationship. Furthermore, this can be extended to an
arbitrary number of scalar SU(2)L doublets and singlets [106]. Though mass splittings, etc., will
break this equality, it provides a useful estimate for processes involving transitions in models with
additional scalar SU(2)L doublets and singlets.
3.3.2.2 BR(t → Wbh/H) vs mh/H As a function of mass, we plot in Fig. 9 the decay rates
for t→W ∗bH where H is a non-SM-like CP-even Higgs; the mass of the SM-like Higgs is taken to
be 125.5 GeV. For a mass below (above) 110 GeV, we observe that transition rate to a non-SM-
like Higgs remains above (below) the SM rate. As the scalar mass decreases and the W ∗ comes
closer to being on-shell, the availability of phase space greatly ameliorates the coupling suppression
associated with ∆V . However, despite this relief, the transition rate to a non-SM-like H stays below
the SM rate for much of the parameter space. The insensitivity to large and moderate tan β seen
in Fig. 9 is consistent with previous discussions.
3.3.2.3 BR(t → WbA) vs tan β, mA Here, we consider the decay rate to the CP-odd Higgs,
t → W ∗bA. Fig. 10 shows BR(t → WbA) as a function of (a) tan β and (b) mA. Except for very
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Table 11: BR(t→WbH) for Benchmark Values of Higgses in the 2HDM(II)
H (125.5 GeV) ∆V tan β BR
2HDM(II)(t→WbH)
h 5× 10−5 3 1.813 × 10−9
h 7.6 1.809 × 10−9
H 0.99 3 1.798 × 10−9
H 7.6 1.802 × 10−9
h 0.99 3 1.440 × 10−10
h 7.6 4.990 × 10−11
A (100 GeV) 3 1.760 × 10−9
A (100 GeV) 7.6 1.007 × 10−9
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Figure 11: The 2HDM(II) BR(t → WbH) as a function of (a) tan β for SM-like h (long dash),
H (dash-dot), and non-SM-like h (short dash), H (dot); (b) ∆V for h at tan β = 3 7.6, 15 (short
dash, long dash, dash-dot), and for H (dot, long dash, dash-dot). The solid line denotes the SM
prediction, Eq. (3.64).
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Figure 12: The 2HDM(I) BR(t → WbH) as a function of mass for a non-SM-like (a) h and (b)
H assuming tan β = 3, 7.6, 15 (short dash, long dash, dash-dot). The solid line denotes the SM
prediction, Eq. (3.64).
low tan β and mass, the branching fraction remains well below the SM prediction for much of the
parameter space, approximately equaling it at tan β ≃ 3 for mA = 100 GeV. Due to CP-invariance
in the gauge sector there is no tree-level AWW contribution. And since the ffA couplings are
independent of ∆V , the decay rate is fixed entirely by mA and tan β. Destructive interference still
exists, however, since the ttA and bbA vertices differ by a minus sign. A quadratic dependence
on cot β is the consequence the ffA coupling (∝ cot β). See Table 7. Despite this monotonic
dependence on tan β, which implies that BR(t → WbA) is a direct measure of tan β were it to be
measured, the recuperation of available phase space at low mA is unable to compensate for the
cot2 β suppression.
3.3.3 Type II 2HDM BR(t→WbH)
We report here the behavior of BR(t → WbH), where H represents h, H, or A in the 2HDM(II).
The same values of tan β are used here as the Type I case. To avoid constraints, we choose a ∆V
that corresponds to a light Higgs with cos(β − α) = 0.01, i.e.,
∆V = 5.× 10−5 (0.99) for h (H) ≈ hSM . (3.79)
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Table 11 lists values of the branching fraction for several Higgses and benchmark parameter values.
In the following figures, the predicted SM decay rate is shown as a black, solid line labeled by
“SM”.
3.3.3.1 BR(t → Wbh,H) vs tan β, ∆V Figure 11 depicts the branching ratio BR(t→ WbH)
for both of the CP-even Higgses as a function of (a) tan β for SM-like and non-SM-like h and H,
and (b) ∆V for small and large values of tan β.
In Fig 11(a), for SM-like Higgses, the branching fraction is indistinguishable from the SM
prediction as a function of tan β; for non-SM-like Higgses, however, the rates minimize for tan β =
7 ∼ 8. This dependence on tan β is indicative of a playoff between the ttH and the bbH couplings.
In the SM limit, this specific behavior is suppressed for SM-like Higgs bosons because the couplings
to these bosons grow independent of tan β. When h is non-SM-like (∆V = 0.99), sensitivity to tan β
maximizes because the tan β-independent parts of the fermionic Higgs couplings nearly cancel. As
tan β grows, the contribution from tth (∝ cot β) runs BR(t→Wbh) down until the bbh contribution
(∝ tan β) takes over at tan β ≈ 7.6. WhenH is non-SM-like (∆V = 5.×10−5) we expect and observe
similar behavior as the non-SM-like h case.
Much of the relationship between h and H observed in in Fig. 11(b) is type-independent and
the discussion can be found in the Type I scenario. For a light Higgs, we indeed see that at
tan β = 7.6 transition rates are minimized for all values of ∆V . For a heavy Higgs, however, this
value of tan β only minimizes the rate in the h → hSM limit, in which case the t → H transition
rate vanishes. The t → H rate minimum occurs at larger ∆V with decreasing tan β because the
ttH (bbH) contribution becomes numerically larger (smaller).
3.3.3.2 BR(t → Wbh,H) vs mH Figure 12 presents the t → W ∗bH branching ratio for a
non-SM-like Higgs boson as a function of mass. For the mass window given in Eq. (3.69), we find
considerable enhancement in the decay rate relative to the SM rate due to the increase in available
phase space, overcoming the coupling suppression associated with scalars that have non-SM-like
coupling.
3.3.3.3 BR(t→WbA) vs tan β, mA Turning to the CP-odd Higgs decay channel, t→ W ∗bA,
we note that many of the arguments made in the 2HDM(I) case carry over to this situation.
Unlike the Type I scenario, however, there is only constructive interference between the fermion
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Figure 13: The 2HDM(II) BR(t → WbA) as a function of (a) tan β and (b) mA for tan β =
3, 7.6, 15 (short dash, long dash, dash-dot). The solid line denotes the SM prediction, Eq. (3.64).
contributions. Figure 13 shows BR(t→WbA) as a function of (a) tan β and (b) mA.
In Fig. 13(a), due to an accidental cancellation, the branching fraction minimizes at tan β ≈ 5.8,
which is unsurprisingly close to the t→ H+b minimum at tan β =
√
mt/mb ≈ 7.6. At tan β ≈ 5.8,
the ttA coupling (∝ cot β) and the bbA coupling (∝ tan β) contribute equally. At smaller values of
tan β, ttA is the dominant term but is driven down by an increasing tan β; and at larger values, bbA
is the dominant term, which ramps up the rate. In the large tan β limit, the ttA graph becomes
negligible and the rate becomes quadratically with tan β.
In Fig. 13(b), we observe a similarity between A and the non-SM-like Higgs boson, HX . We
attribute this to a similarity of contributing diagrams. For example: theWWA vertex does not exist
because of CP-invariance, and by virtue of being non-SM-like, the WWHX vertex is considerably
suppressed. In this domain, fermionic couplings to A and HX also have the same dependence on
tan β.
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Table 12: Cross sections for tt and tt → WW ∗bbh → h(ℓ+ℓ′−νℓνℓ′ + jjℓ±νℓ) at 14 [65], 33 [137],
and 100 [138] TeV pp, and 350 GeV e+e− [139] Colliders.
Process 14 TeV pp 33 TeV pp 100 TeV pp 350 GeV e+e−
σ(tt)[pb] 933 5410 2.7× 104 0.45
σ(tt→ h(ℓ+ℓ′−νℓνℓ′ + jjℓ±
(−)
νℓ )) [ab] 1.1 6.5 32 5× 10−4
3.4 OBSERVATION PROSPECTS AT COLLIDERS
In this section, we estimate observation prospects at current and future colliders. The 14 TeV LHC
tt production cross section at NNLO in QCD has been calculated [65] to be
σNNLOLHC14(tt) = 933 pb. (3.80)
The SM pp→ tt→WW ∗bbh cross section at the LHC is thus estimated to be
σLHC14(pp→ tt→WW ∗bbh) ≈ 2× σNNLOLHC14(tt)×BR(t→Wbh) = 3.4 ab. (3.81)
The factor of two in the preceding line accounts for either top or antitop quark decaying into the
Higgs. To assure a clear trigger and to discriminate against the large SM backgrounds, we require
at least one W boson decaying leptonically (ℓ = e, µ), i.e.
BR(WW ∗ → ℓ+ℓ′−νℓνℓ′ + jjℓ±
(−)
νℓ ) ≈ 0.33. (3.82)
The total cross section for an arbitrarily decaying h is therefore estimated to be
σLHC14(pp→ tt→WW ∗bbh→ h(ℓ+ℓ′−νℓνℓ′ + jjℓ±
(−)
νℓ )) ≈ 1.1 ab. (3.83)
Higgs branching fractions and detector efficiencies will further suppress this rate. Such a small cross
section means that observing this SM process will be challenging. Following the same procedure,
we estimate Eq. (3.83) for several proposed colliders and collider upgrades; the results are given in
Table 12.
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3.5 SUMMARY AND CONCLUSION
Given the discovery of a SM-like Higgs boson, we have recalculated the rare top quark decay mode
t→ W ∗bh, where h represents the SM Higgs boson. We have extended this calculation to include
the effects of anomalous tth couplings originating from effective operators as well as both CP-even
and the single CP-odd scalars in the CP-conserving 2HDM Types I and II. The most updated
model constraints have been reported. We summarize our results:
(i) The SM predicts a t→W ∗bh branching ratio of
BR(t→Wbh) = 1.80× 10−9 for mh = 125.5 GeV. (3.84)
This is the leading t → h transition, five orders of magnitude larger than the next channel
t→ ch. See Eq. (3.64).
(ii) Present LHC Higgs constraints on anomalous tth couplings permit up to a factor of two
enhancement of the t→W ∗bh transition. See Eq. (3.65).
(iii) The operator Ot2, which selects different kinematic features than either Ot1 or Ot1, results in
comparable enhancement of the t→W ∗bh transition. See Fig. 7.
(iv) In the 2HDM(I), decays to CP-even Higgses do not decouple in the large tan β limit and their
rates approach asymptotic values that are functions of the anomalous WWh coupling. They
are given in Eqs. (3.71) and (3.72).
(v) In the Type I (II) 2HDM, due to the increase in available phase space, the branching ratio to
a light, non-SM-like Higgs boson can as much as 2 (7) times larger than Eq. (3.84).
(vi) In the Type I (II) 2HDM, the branching ratio to a light, CP-odd Higgs can be as much as
1.6 (3) times larger than Eq. (3.84).
(vii) The pp → tt → WW ∗bbh → h(ℓ+ℓ′−νℓνℓ′ + jjℓ±
(−)
νℓ ) production cross section at the 14 TeV
LHC and future colliders have been estimated [Eq. (3.83)]; a few t→W ∗bh events over the full
LHC lifetime. Due to enhancements in gluon distribution functions, any increase in collision
energies can greatly increase this rate.
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4.0 INCLUSIVE HEAVY MAJORANA NEUTRINO PRODUCTION AT
HADRON COLLIDERS
4.1 INTRODUCTION
The discovery of the Higgs boson completes the Standard Model (SM). Yet, the existence of nonzero
neutrino masses remains one of the clearest indications of physics beyond the Standard Model
(BSM) [140–147] The simplest SM extension that can simultaneously explain both the existence of
neutrino masses and their smallness, the so-called Type I seesaw mechanism [148–157], introduces a
right handed (RH) neutrinoNR. Via a Yukawa coupling yν , the resulting Dirac mass ismD = yν〈Φ〉,
where Φ is the SM Higgs SU(2)L doublet. As NR is a SM-gauge singlet, one could assign NR a
Majorana mass mM without violating any fundamental symmetry of the model. Requiring that
mM ≫ mD, the neutrino mass eigenvalues are
m1 ∼ mDmD
mM
and m2 ∼ mM . (4.1)
Thus, the apparent smallness of neutrino masses compared to other fermion masses is due to the
suppression by a new scale above the EW scale. Taking the Yukawa coupling to be yν ∼ O(1),
the Majorana mass scale must be of the order 1013 GeV to recover sub-eV light neutrinos masses.
However, if the Yukawa couplings are as small as the electron Yukawa coupling, i.e., yν . O(10−5),
then the mass scale could be at O(1) TeV or lower [158–161].
Given the lack of guidance from theory of lepton flavor physics, searches for Majorana neutrinos
must be carried out as general and model-independent as possible. Low-energy phenomenology of
Majorana neutrinos has been studied in detail [1,160–175]. Studied first in Ref. [162] and later in
Refs. [163–168], the production channel most sensitive to heavy Majorana neutrinos (N) at hadron
colliders is the resonant Drell-Yan (DY) process,
pp→W±∗ → N ℓ±, with N →W∓ ℓ′±, W∓ → j j, (4.2)
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Figure 14: Diagram representing resonant heavy Majorana neutrino production through the DY
process and its decay into same-sign leptons and dijet. All diagrams drawn using JaxoDraw [83].
in which the same-sign dilepton channel violates lepton number L by two units (∆L = 2); see
figure 14. Searches for Eq. (4.2) are underway at LHC experiments [176–178]. Non-observation in
the dimuon channel has set a lower bound on the heavy neutrino mass of 100 (300) GeV for mixing
|VµN |2 = 10−2 (−1) [177]. Bounds on mixing from 0νββ [179,180] and EW precision data [181–184]
indicate that the 14 TeV LHC is sensitive to Majorana neutrinos with mass between 10 and 375
GeV after 100 fb−1 of data [166]. Recently renewed interest in a very large hadron collider (VLHC)
with a center of mass (c.m.) energy about 100 TeV, which will undoubtedly extend the coverage,
suggests a reexamination of the search strategy at the new energy frontier.
Production channels for heavy Majorana neutrinos at higher orders of α were systematically
cataloged in Ref. [165]. Recently, the vector boson fusion (VBF) channel Wγ → Nℓ± was studied
at the LHC, and its t-channel enhancement to the total cross section was emphasized [174]. Along
with that, they also considered corrections to the DY process by including the tree-level QCD
contributions to Nℓ±+jets. Significant enhancement was claimed over both the leading order (LO)
DY signal [166,168] and the expected next-to-next-to-leading order (NNLO) in QCD-corrected DY
rate [185], prompting us to revisit the issue.
We carry out a systematic treatment of the photon-initiated processes. The elastic emission
(or photon emission off a nucleon) at colliders, as shown in figure 15(a), is of considerable interest
for both SM [47, 51, 186–190] and BSM processes [48, 50, 52, 62, 191–195], and has been observed
at electron [196], hadron [49, 197], and lepton-hadron [198, 199] colliders. The inelastic (collinear
photon off a quark) and deeply inelastic (large momentum transfer off a quark) channels, as depicted
in figure 15(b), may take over at higher momentum transfers [59, 188, 200]. Comparing with the
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Figure 15: Diagrammatic description of (a) elastic and (b) inelastic/deeply inelastic γp scattering.
DY production qq′ → W ∗ → Nℓ±, we find that the Wγ fusion process becomes relatively more
important at higher scales, taking over the QCD-corrected DY mechanism at & 1 TeV (770 GeV)
at the 14-TeV LHC (100 TeV VLHC). At mN ∼ 375 GeV, a benchmark value presented in [168],
we find the Wγ contribution to be about 20% (30%) of the LO DY cross section.
NNLO in QCD corrections to the DY processes are well-known [185] and the K-factor for the
inclusive cross sections are about 1.2−1.4 (1.2−1.5) at LHC (VLHC) energies. Taking into account
all the contributions, we present the state-of-the-art results for the inclusive production of heavy
neutrinos in 14 and 100 TeV pp collisions. We further perform a signal-versus-background analysis
for a 100 TeV collider of the fully reconstructible and L-violating final state in Eq. (4.2). With the
currently allowed mixing |VµN |2 < 6 × 10−3, we find that the 5σ discovery potential of Ref. [168]
can be extended to mN = 530 (1070) GeV at the 14 TeV LHC (100 TeV VLHC) after 1 ab
−1.
Reversely, for mN = 500 GeV and the same integrated luminosity, a mixing |VµN |2 of the order
1.1 × 10−3 (2.5 × 10−4) may be probed. Our results are less optimistic than reported in [174].
We attribute the discrepancy to their significant overestimate of the signal in the tree-level QCD
calculations, as quantified in section 4.3.3.4.
The rest of paper is organized as follows: In section 4.3, we describe our treatment of the several
production channels considered in this study, address the relevant scale dependence, and present
the inclusive Nℓ± rate at the 14 TeV LHC and 100 TeV VLHC. In section 4.4, we perform the
signal-versus-background analysis at a future 100 TeV pp collider and report the discovery potential.
Finally summarize and conclude in section 4.5.
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4.2 NEUTRINO MIXING FORMALISM
Our formalism and notation follow Ref. [1,168]. We assume that there are three left-handed (L.H.)
neutrinos (denoted by νaL, a = 1, 2, 3) with three corresponding light mass eigenstates (denoted by
m), and n right-handed (R.H.) neutrinos (denoted by Na′R, a
′ = 1, . . . , n) with n corresponding
heavy mass eigenstates (denoted by m′). The mixing between chiral states and mass eigenstates
may then be parameterized [168] by
 νL
N cL

 =

 U3×3 V3×n
Xn×3 Yn×n



 νm
N cm′

 , (4.3)
where ψc = CψT denotes the charge conjugate of the spinor field ψ, with C labeling the charge
conjugation operator, and the chiral states satisfy ψcL ≡ (ψc)L = (ψR)c. Expanding the L.H. and
R.H. chiral states, we obtain:
νaL =
3∑
m=1
νmU
∗
ma +
n+3∑
m′=4
N cm′V
∗
m′a, N
c
a′L =
3∑
m=1
νmX
∗
ma′ +
n+3∑
m′=4
N cm′Y
∗
m′a′ (4.4)
νcaR =
3∑
m=1
νcmUma +
n+3∑
m′=4
Nm′Vm′a, Na′R =
3∑
m=1
νcmXma′ +
n+3∑
m′=4
Nm′Ym′a′ . (4.5)
Under this formalism, one expects diagonal mixing of order 1,
UU † and Y Y † ∼ O(1); (4.6)
and suppressed off-diagonal mixing,
V V † andXX† ∼ O(mm/mm′). (4.7)
For simplicity, we consider only the lightest, heavy mass eigenstate neutrinoN . The SMW coupling
to heavy neutrino N and charged lepton ℓ can now be written as
L = − g√
2
τ∑
ℓ=e
W+µ
[
3∑
m=1
νmU
∗
ℓm +N
cV ∗ℓN
]
γµPLℓ
− +H.c.. (4.8)
4.3 HEAVY N PRODUCTION AT HADRON COLLIDERS
For the production of a heavy Majorana neutrino at hadron colliders, the leading channel is the
DY process at order α2 (LO) [162]
q q′ → W±∗ → N ℓ±. (4.9)
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The QCD corrections to DY-type processes up to α2s (NNLO) are known [185], and will be included
in our analysis. Among other potential contributions, the next promising channel perhaps is the
VBF channel [165]
W γ → N ℓ±, (4.10)
due to the collinear logarithmic enhancement from t-channel vector boson radiation. Formally of
order α2, there is an additional α suppression from the photon coupling to the radiation source.
Collinear radiation off charged fermions (protons or quarks) leads to significant enhancement but
requires proper treatment. In our full analysis, W s are not considered initial-state partons [165]
and all gauge invariant diagrams, including non-VBF contributions, are included.
We write the production cross section of a heavy state X in hadronic collisions as
σ(pp→ X + anything) =
∑
i,j
∫ 1
τ0
dξa
∫ 1
τ0
ξa
dξb
[
fi/p(ξa, Q
2
f )fj/p(ξb, Q
2
f )σˆ(ij → X) + (i↔ j)
]
(4.11)
=
∫ 1
τ0
dτ
∑
ij
dLij
dτ
σˆ(ij → X). (4.12)
where ξa,b are the fractions of momenta carried by initial partons (i, j), Qf is the parton factorization
scale, and τ = sˆ/s with
√
s (
√
sˆ) the proton beam (parton) c.m. energy. For heavy neutrino
production, the threshold is τ0 = m
2
N/s. Parton luminosities are given in terms of the parton
distribution functions (PDFs) fi,j/p by the expression
Φij(τ) ≡ dLij
dτ
=
1
1 + δij
∫ 1
τ
dξ
ξ
[
fi/p(ξ,Q
2
f )fj/p
(
τ
ξ
,Q2f
)
+ (i↔ j)
]
. (4.13)
We include the light quarks (u, d, c, s) and adopt the 2010 update of the CTEQ6L PDFs [63]. Unless
stated otherwise, all quark (and gluon) factorization scales are set to half the c.m. energy:
Qf =
√
sˆ/2. (4.14)
For the processes with initial state photons (γ), their treatment and associated scale choices are
given in section 4.3.3.
For the heavy neutrino production via the SM charged current coupling, the cross section is
proportional to the mixing parameter (squared) between the mass eigenstate N and the charged
lepton ℓ (e, µ, τ). Thus it is convenient to factorize out the model-dependent parameter |VℓN |2
σ(pp→ Nℓ±) ≡ σ0(pp→ Nℓ±) × |VℓN |2, (4.15)
where σ0 will be called the “bare cross section”. Using the phase space slicing method [201–204],
the heavy Majorana neutrino production can be evaluated at next-to-leading order (NLO) in QCD
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Figure 16: (a) 14 TeV LHC (b) 100 TeV VLHC Nℓ± cross section, divided by |VℓN |2, and NLO
K-factor as a function of mN at LO DY (solid) and NLO in QCD(bash).
accuracy. Using the 2012 update of the CT10 PDFs [205] and factorization, renormalization scales
µf = µr = mN , we plot in Fig. 16 the LO and NLO bare cross section and NLO K-factor
1 as a
function of Majorana neutrino mass mN at the (a) 14 TeV LHC and (b) 100 TeV VLHC. At 14
(100) TeV, for mN = 100 − 600 GeV, the bare NLO rate ranges from 0.03− 30 pb (0.6− 250 pb).
The corresponding K-factor spans 1.13 − 1.17 (1.15 − 1.2).
The branching fraction of a heavy neutrino to a particular lepton flavor ℓ is proportional to
|VNℓ|2/
∑
ℓ′ |VNℓ′ |2. Thus for neutrino production and decay into same-sign leptons with dijet, it is
similarly convenient to factorize out this ratio [166]:
σ(pp→ ℓ±ℓ′± + 2j) ≡ σ0(pp→ ℓ±ℓ′± + 2j) × Sℓℓ′ , (4.16)
Sℓℓ′ =
|VℓN |2|Vℓ′N |2∑
ℓ′′ |Vℓ′′N |2
. (4.17)
The utility of this approach is that all the flavor-model dependence is encapsulated into a single,
measurable number. Factorization into a bare rate and mixing coefficient holds generally for QCD
and EW corrections as well.
1The NnLO K-factor is defined as K = σN
nLO(Nℓ)/σLO(Nℓ), where σN
nLO(Nℓ) is the NnLO-corrected cross
section and σLO(Nℓ) is the lowest order (n = 0), or Born, cross section.
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4.3.1 Constraints on Heavy Neutrino mixing
As seen above in Eq. (4.15), one of the most important model-dependent parameters to control the
signal production rate is the neutrino mixing VℓN . Addressing the origin of lepton flavor is beyond
the scope of this study, so masses and mixing factors are taken as independent, phenomenological
parameters. We consider only the lightest, heavy neutrino mass eigenstate and require it to be
kinematically accessible. Updates on heavy neutrino constraints can be found elsewhere [1,168,206].
Here we list only the most stringent bounds relevant to our analysis.
• Bounds from 0νββ: For heavy Majorana neutrinos with Mi ≫ 1 GeV, the absence of 0νββ
decay restricts the mixing between heavy mass and electron-flavor eigenstates [179,180]:
∑
m′
|Vem′ |2
Mm′
< 5× 10−5 TeV−1. (4.18)
• Bounds from EW Precision Data: Mixing between a SM singlet above a few hundred GeV
in mass and lepton flavor eigenstates is constrained by EW data [183]:
|VµN |2 < 3.2× 10−3, |VτN |2 < 6.2× 10−3 at 90% C.L. (4.19)
We consider the existence of only the lightest heavy Majorana neutrino, which is equivalent to the
decoupling limit where heavier eigenstates are taken to have infinite mass. Thus, for representative
neutrino masses
mN = 300 (500) [1000] GeV, (4.20)
we use the following mixing coefficients
|VeN |2 = 1.5 (2.5) [5]× 10−5, |VµN |2 = 3.2 × 10−3, |VτN |2 = 6.2× 10−3, (4.21)
corresponding to a total neutrino width of
ΓN = 0.303 (1.50) [12.3] GeV. (4.22)
As Γt/mN ≈ 0.1%−1%, the heavy neutrino resonance is very narrow and application of the narrow
width approximation (NWA) is justified. For Sℓℓ, these mixing parameters imply
See = 2.4 (6.6) [26]× 10−8 for mN = 300 (500) [1000] GeV (4.23)
Seµ = Sµe = 5.1 (8.5) [17]× 10−6 for mN = 300 (500) [1000] GeV (4.24)
Sµµ = 1.1× 10−3 for mN ∈ [100, 1000] GeV (4.25)
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Though the bound on |VeN | varies with mN , Sµµ changes at the per mil level over the masses
we investigate and is taken as constant. The allowed sizes of Seµ, Sµµ, and Sτℓ demonstrate the
complementarity to searches for L-violation at 0νββ experiments afforded by hadron colliders. To
make an exact comparison with Ref. [168], we also consider the bound [181,182]
Sµµ ≈ |VµN |
4
|VµN |2 = |VµN |
2 = 6× 10−3 (4.26)
However, bare results, which are mixing-independent, are presented wherever possible.
4.3.2 N Production via the Drell-Yan Process at NNLO
Before presenting the production cross sections, it is informative to understand the available parton
luminosities (Φij) as defined in Eq. (4.13). We show Φqq′ versus
√
τ for qq′ annihilation summing
over light quarks (u, d, c, s) by the solid (black) curves in figures 17(a) and 17(b) for the 14 TeV
LHC and 100 TeV VLHC, respectively. The upper horizontal axis labels the partonic c.m. energy
√
sˆ. As expected, at a fixed
√
sˆ the DY luminosity at 100 TeV significantly increases over that
at 14 TeV. At
√
sˆ ≈ 500 GeV (2 TeV), the gain is a factor of 600 (1.8 × 103), and the discovery
potential of heavy Majorana neutrinos is greatly expanded. Luminosity ratios with respect to Φqq′
are given in figure 17(c) and 17(d), and will be discussed when appropriate.
Cross sections for resonant N production via the charged current DY process in Eq. (4.2)
and shown in figure 14 are calculated with the usual helicity amplitudes at the LO α2. Monte
Carlo integration is performed using CUBA [207]. Results are checked by implementing the heavy
Majorana neutrino model into FeynRules 2.0.6 [208, 209] and MG5 aMC@NLO 2.1.0 [56] (MG5).
For simplicity, percent-level contributions from off-diagonal Cabbibo-Kobayashi-Maskawa (CKM)
matrix elements are ignored and the diagonal elements are taken to be unity. SM inputs αMS(MZ),
MZ , and sin
2
MS
(θW ) are taken from the 2012 Particle Data Group (PDG) [136].
We estimate the 14 and 100 TeV pp NNLO K-factor by using FEWZ 2.1 [210,211] to compute
the equivalent quantity for the SM process
pp→W ∗ → µ±ν, (4.27)
and impose only an minimum invariant mass cut,
√
sˆmin. Because LO Nℓ production and Eq. (4.27)
are identical DY processes (up mass effects) with the same color structure, K-factors calculated
with a fixed sˆ are equal.
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Figure 17: Parton luminosities at (a) 14 TeV and (b) 100 TeV for the DY (solid), elastic (dot),
inelastic (dash), and DIS (dash-diamond) NℓX processes; Ratio of parton luminosities to the DY
luminosity in (c) and (d).
Table 13 lists2 the LO and NNLO cross sections as well as the NNLO K-factors for several
representative values of
√
sˆmin. At
√
sˆmin = 1 TeV, the QCD-corrected charged current rate can
2As no NNLO CTEQ6L PDF set exists, we have adopted the MSTW2008 series to obtain a self-consistent estimate
of the NNLO K-factor.
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Table 13: LO and NNLO cross sections for pp → W ∗ → µ±ν at 14 and 100 TeV with successive
invariant mass cuts using MSTW2008LO and NNLO PDF Sets.
√
sˆmin 14 TeV LO [pb] NNLO [pb] K 100 TeV LO [pb] NNLO [pb] K
100 GeV 152 209 1.38 1150 1420 1.23
300 GeV 1.54 1.90 1.23 17.0 25.6 1.50
500 GeV 0.248 0.304 1.22 3.56 4.97 1.40
1 TeV 17.0 ×10−3 20.5 ×10−3 1.20 0.380 0.485 1.28
reach tens (several hundreds) of fb at 14 (100) TeV. Over the range from
√
sˆmin = 100 GeV−1 TeV,
K = 1.20 − 1.38 at 14 TeV, (4.28)
= 1.23 − 1.50 at 100 TeV. (4.29)
This agrees with calculations for similar DY processes [212, 213]. We see that the higher order
QCD corrections to the DY channel are quite stable, which will be important for our discussions
in section 4.3.3. Throughout the study, independent of neutrino mass, we apply to the DY-process
a K-factor of
K = 1.2 (1.3) for 14 (100) TeV. (4.30)
Including the QCD K-factor, we show the NNLO total cross sections [called the “bare cross section
σ0” by factorizing out |VℓN |2 as defined in Eq. (4.15)] as a function of heavy neutrino mass in
figures 18(a) and 18(b) for the 14-TeV LHC and 100-TeV VLHC, respectively. The curves are
denoted by the (black) solid lines. Here and henceforth, we impose the following basic acceptance
cuts on the transverse momentum and pseudorapidity of the charged leptons for 14 (100) TeV,
pℓT > 10 (30) GeV, |ηℓ| < 2.4 (2.5). (4.31)
The motive to include these cuts is two-fold. First, they are consistent with the detector acceptance
for our future simulations and the definition of “fiducial” cross section. Second, they serve as
kinematical regulators for potential collinear singularities, to be discussed next. The pT and η
criteria at 100 TeV follow the 2013 Snowmass benchmarks [214].
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Figure 18: (a) 14 TeV LHC (b) 100 TeV VLHC NℓX cross section, divided by |VℓN |2, as a function
of the N mass for the NNLO DY (solid), elastic (dot), inelastic (dash), DIS (dash-diamond), and
summed γ-initiated (dash-dot) processes. (c,d) Ratio of cross sections relative to NNLO DY rate.
4.3.3 Photon-Initiated Processes
After the dominant DY channel, VBF via Wγ fusion, as introduced in Eq. (4.10), presents a
promising additional contribution to the heavy N production. We do not make any approximation
for the initial state W and treat its radiation off the light quarks with exact matrix element
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Figure 19: Feynman diagrams for photon-initiated process qγ → Nℓ±q′.
calculations. In fact, we consistently treat the full set of diagrams, shown in figure 19, for the
photon-initiated process at order α3
q γ → N ℓ± q′. (4.32)
Obviously, diagrams figure 19(c) and (d) do not add to Wγ fusion and are just small QED cor-
rections.3 Diagram figure 19(b) involves a massless t-channel charged lepton. The collinear pole
is regularized by the basic acceptance cuts in Eq. (4.31). What is non-trivial, however, is how
to properly treat initial-state photons across the different sources depicted in figure 15. We now
discuss the individual channels in detail.
4.3.3.1 Elastic Scattering: Intact Final-State Nucleons Here and henceforth, the virtu-
ality for the incoming photon in Wγ fusion is denoted as Qγ > 0. In the collinear limit that results
in momentum transfers on the order of the proton mass or less, Q2γ . m
2
p, initial-state photons
are appropriately described as massless radiation by an elastic proton, i.e., does not break apart
and remains as an on-shell nucleon, as indicated in figure 15(a). To model this, we use the “Im-
proved” Weizsa¨cker-Williams approximation [47] and factorize the photon’s collinear behavior into
a structure function of the proton to obtain the elastic photon PDF fElγ/p. In Eq. (4.11), this entails
replacing one fi/p with f
El
γ/p:
fi/p(ξ,Q
2
f )→ fElγ/p(ξ). (4.33)
The expression for fElγ/p, given in Section 2.6.5, is dependent on a cutoff scale Λ
El
γ , above which
the description of elastic p → γ emission starts to break down. Typically, the scale is taken to
3 Diagram 19(d) involves a collinear singularity from massless quark splitting. It is unimportant for our current
consideration since its contribution is simply a QED correction to the quark PDF. For consistency and with little
change to our results, ΛDISγ = 15 GeV [defined in Eq. (4.40)] is applied as a regulator.
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be O(mp − 2 GeV) [47, 50–52, 190, 193–195] but should be insensitive to small variations if an
appropriate scale is chosen. Based on analysis of ep scattering at low Qγ [58], we take
ΛElγ =
√
1.5 GeV2 ≈ 1.22 GeV. (4.34)
The scale dependence associated with ΛElγ is discussed in section 4.3.5.
In figure 17, the elastic luminosity spectrum (ΦEl) is denoted by the (green) dot line. For the
range studied, ΦEl is roughly 2− 4% of the qq¯′ DY luminosity at 14 and 100 TeV.
We calculate the matrix element for the diagrams in figure 19 in the same manner as the DY
channel. The results are checked with MG5 using the elastic, asymmetric pγ beam mode. In
figures 18(a) and 18(b), we plot the bare cross section for the elastic process, denoted by a (green)
dot line, as a function of neutrino mass. The rate varies between 1− 30 (40 − 100) fb at 14 (100)
TeV for mN = 100 GeV−1 TeV. As seen in figures 18(c) and 18(d), where the cross sections are
normalized to the DY rate, it reaches about 30 (40)% of the DY rate for large mN .
4.3.3.2 Inelastic Scattering: Collinear Photons From Quarks For momentum transfers
above the proton mass, the parton model is valid. When this configuration coincides with the
collinear radiation limit, initial-state photons are appropriately described as being radiated by
quark partons. To model a quark splitting to a photon, we follow the methodology of Ref. [48] and
use the (original) Weizsa¨cker-Williams approximation [44, 45] to obtain the inelastic photon PDF
f Inelγ/p . Unlike the elastic case, factorization requires us to convolve about a splitting function. The
inelastic Nℓ±X cross section is obtained by making the replacement in Eq. (4.11)
fi/p(ξ,Q
2
f ) → f Inelγ/p (ξ,Q2γ , Q2f ), (4.35)
f Inelγ/p (ξ,Q
2
γ , Q
2
f ) =
∑
j
∫ 1
ξ
dz
z
fγ/j(z,Q
2
γ) fj/p
(
ξ
z
,Q2f
)
, (4.36)
where fγ/j is the Weizsa¨cker-Williams j → γ distribution function, with Qγ and Qf being the
factorization scales for the photon and quark distributions, respectively. The summation is over all
charged quarks. Details regarding Eq. (4.36) can be found in Section 2.7.1.
Clearly, the scale for the photon momentum transfer should be above the elastic bound Qγ ≥
ΛElγ . What is not clear, however, is how high we should evolve Qγ . If we crudely consider the
total inclusive cross section, we could simply choose the kinematical upper limit Q2γ ≈ Q2f ≈ sˆ/4
or sˆ/4−m2N , which is a quite common practice in the literature [48]. However, we do not consider
this a satisfactory treatment. Well below the kinematical upper limit, the photon virtuality Qγ
117
becomes sufficiently large so that the collinear photon approximation as in figure 19 breaks down.
Consequently, “deeply inelastic scattering” (DIS), as in figure 20, becomes the dominant feature.
For a brief review of DIS, see Ref. [215]. Thus, a more reasonable treatment is to introduce an
upper limit for the inelastic process ΛDISγ , above which a full DIS calculation of figure 20 should be
applied. We adopt the following scheme
Qγ = Λ
DIS
γ =

15 GeV for 14 TeV25 GeV for 100 TeV (4.37)
Sensitivity to variations ΛDISγ are discussed in section 4.3.5.
Consistent with Φij(τ) in Eq. (4.13), we define the inelastic γq parton luminosity ΦInel to be
ΦInel(τ) =
∫ 1
τ
dξ
ξ
∫ 1
τ/ξ
dz
z
∑
q,q′
[
fq/p(ξ)fγ/q′(z)fq′/p
(
τ
ξz
)
+ fq/p
(
τ
ξz
)
fγ/q′(z)fq′/p(ξ)
]
. (4.38)
In figure 17, we give the ΦInel spectrum as a function of
√
τ , denoted by the (red) dash curve,
for 14 and 100 TeV. For the range investigated, ΦInel ranges between 2− 4% of the DY luminosity.
Compared to its elastic counterpart, the smallness of the inelastic luminosity is attributed the
limited Q2γ evolution.
The inelastic matrix element is identical to the elastic case. In figures 18(a) and 18(b), we
show the bare cross section for the inelastic process, denoted by the (red) dash line, as a function
of the neutrino mass. The rate varies between 0.7 − 30 (40 − 260) fb at 14 (100) TeV for mN =
100 GeV − 1 TeV. As seen in figures 18(c) and 18(d), where the cross sections are normalized to
the DY rate, it reaches about 10 (50)% of the DY rate at large mN .
4.3.3.3 Deeply Inelastic Scattering: High pT Quark Jet As discussed in the previous
section, at a sufficiently large momentum transfer the collinear photon description breaks down
and the associated final-state quark emerges as an observable jet. The electroweak process at α4
q1 q2 → N ℓ± q′1 q′2. (4.39)
becomes DIS, as shown by the Feynman diagrams in figure 20. The top row of figure 20 can be
identified as the DIS analog of those diagrams in figure 19. Again, the first two diagrams represent
the Wγ fusion with collinear log-enhancement from t-channel W exchange. At these momentum
transfers, the WZ fusion channel [165] turns on but is numerically smaller; see figure 20, bottom
row, first diagram. The center row and two bottom-rightmost diagrams in figure 20 represent on-
shell W/Z production at α3 with subsequent W/Z → qq′ decay. Those processes, however, scale
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Figure 20: Feynman diagrams for the DIS process q1q2 → Nℓ±q′1q′2.
as 1/sˆ and are not log-enhanced. A subset of these last diagrams also represent higher-order QED
corrections to the DY process.
To model DIS, we use MG5 and simulate Eq. (4.39) at order α4. We impose4 at the generator
level a minimum on momentum transfers between initial-state and final-state quarks
min
i,j=1,2
√
|(qi − q′j)2| > ΛDISγ . (4.40)
This requirement serves to separate the elastic and inelastic channels from DIS. Sensitivity to this
cutoff is addressed in section 4.3.5.
In figure 17, we show the quark-quark parton luminosity spectrum Φqq′ , the source of the DIS
processes, and represented by the (orange) dash-diamond curves. Though possessing the largest
parton luminosity, the channel must overcome its larger coupling and phase space suppression. At
14 and 100 TeV, Φqq′ ranges 3− 5 times larger than Φqq′ . The difference in size between Φqq′ and
ΦEl (Inel) is due to the additional coupling αEM in f
El (Inel)
γ/p .
In figures 18(a) and 18(b), we plot bare cross section as in Eq. (4.15), denoted by the (orange)
dash-diamond curve. In figures 18(c) and 18(d), the same curves are normalized to the DY rate.
At 14 (100) TeV, the cross section ranges from 1− 60 (80− 500) fb, reaching about 35% (80%) of
4For consistency, we also require the lepton cuts given in Eq. (4.31) and a jet separation ∆Rjj > 0.4 to regularize
irrelevant γ∗ → qq diagrams, where ∆R ≡
√
∆φ2 +∆η2 with y = η ≡ − log[tan(θ/2)] in the massless limit.
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Table 14: Total cross sections of various pp → Nℓ±X channels for representative values of mN
after applying minimal acceptance cuts of Eqs. (4.31).
σ14 TeV LHC/|VℓN |2 [fb] mN = 300 GeV mN = 500 GeV mN = 1 TeV
pp→ Nℓ± LO DY [K = 1.2] 293 (352) 47.3 (56.8) 2.87 (3.44)
pp→ Nℓ±X Elastic 10.8971 5.16756 1.23693
pp→ Nℓ±X Inelastic 8.32241 3.44245 0.65728
pp→ Nℓ±X DIS 11.7 5.19 1.21
σγ−Initiated/σK=1.2DY 0.09 0.24 0.90
σ100 TeV VLHC/|VℓN |2 [fb] mN = 300 GeV mN = 500 GeV mN = 1 TeV
pp→ Nℓ± LO DY [K = 1.3] 2540 (3300) 583 (758) 70.5 (91.6)
pp→ Nℓ±X Elastic 85.8 65.5 36.4
pp→ Nℓ±X Inelastic 144 96.0 42.7
pp→ Nℓ±X DIS 210 145 76.7
σγ−Initiated/σK=1.3DY 0.13 0.40 1.7
the DY rate.
To compare channels, we observe that the DIS (elastic) process increases greatest (least) with
increasing collider energies. This is due to the increase likelihood for larger momentum transfers
in more energetic collisions. A similar conclusion was found for elastic and inelastic γγ scattering
at the Tevatron and LHC [192].
4.3.3.4 Total Neutrino Production from γ-Initiated Processes The total heavy neu-
trino production cross section from γ-initiated processes may be obtained by summing the elastic,
inelastic, and DIS channels [48,192]:
σγ−Initiated(Nℓ±X) = σEl(Nℓ±X) + σInel(Nℓ±X) + σDIS(Nℓ±X), (4.41)
We plot Eq. (4.41) as a function of mN in figures 18(a) and 18(b) at 14 and 100 TeV, denoted by
the (blue) dash-dot curve. In figures 18(c) and 18(d), the same curves are normalized to the DY
rate. For mN = 100 GeV − 1 TeV, the total rate spans 3 − 100 (150 − 1000) fb at 14 (100) TeV,
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Figure 21: (a) The tree-level differential cross section for Nℓ±j at α2αs with respect to p
j
T ; (b)
Integrated cross section σ(Nℓ±j) versus the minimum pjT cutoff. The solid line denotes the LO DY
rate.
reaching about 90 (110)% of the DY rate at large mN . We find that the Wγ fusion represents
the largest heavy neutrino production mechanism for mN > 1 TeV (770) GeV at 14 (100) TeV.
We expect for increasing collider energy this crossover will occur earlier at lighter neutrino masses.
Cross sections for representative values of mN for all channels at 14 and 100 TeV are given in Table
14.
Before closing the discussion for the heavy N production at hadron colliders, an important
remark is in order. We have taken into account the inclusive QCD correction at NNLO as a
K-factor. In contrast, Ref. [174] included only the tree-level process at order α2α2s and α
4
pp→ Nℓ±jj. (4.42)
When calculating the exclusive Nℓ±jj cross section, kinematical cuts of pTj > 10 GeV and ∆Rjj >
0.4 were applied to regularize the cross section. For mN = 300 GeV, the exclusive cross section was
found to exceed the LO DY channel at 14 TeV, whereas we find that the NNLO correction to the
inclusive cross section is only 20% with DIS contributing 3%. More recently [216], the tree-level
rate for Nℓj with pjT > 30 GeV was calculated to be 80% of the LO DY rate at mN = 500 GeV; at
NNLO, we find the inclusive correction to be only 20%. We attribute these discrepancies to their
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too low a pjT cut that overestimate the contribution of initial-state radiation based on a tree-level
calculation.
To make the point concrete, we consider the tree-level QCD correction to the DY process at
order α2αs
p p→ N ℓ± j, (4.43)
where the final-state jet originates from an initial-state quark or gluon. MG5 is used to simulated
Eq. (4.43). In figure 21(a), the differential cross section of pjT is shown for a minimal pT at 5 GeV.
The singularity at the origin is apparent. In figure 21(b), the 14 TeV LHC cross section as a function
of minimum pT cut on the jet is presented. A representative neutrino mass of mN = 300 GeV is
used; no additional cut has been imposed. At pjminT = 10 GeV, as adopted in Ref. [174], the
Nℓj rate is nearly equal to the DY rate, well above the NNLO prediction for the inclusive cross
section [185].
4.3.4 Kinematic Features of N Production with Jets at 14 TeV
To explore the kinematic distributions of the inclusive neutrino production, we fix
√
s = 14 TeV
and mN = 500 GeV. At 100 TeV, we observe little change in the kinematical features and our
conclusions remain the same. The most notable difference, however, is a broadening of rapidity
distributions. This is due an increase in longitudinal momentum carried by the final states, which
follows from the increase in average momentum carried by initial-state partons. FormN ≥ 100 GeV,
we observe little difference from the 500 GeV case we present. Throughout this study, jets are ranked
by pT , namely, the jet with the largest (smallest) pT is referred to as hardest (softest).
In figure 22, we plot the (a) pT and (b) η distributions of the hardest jet in pT produced in
association withN for the variousWγ fusion channels. Also shown are (c) pT and (d) η distributions
of the sub-leading jet for the DIS channel. For the hardest jet, we observe a plateau at pT ∼MW /2
and a rapidity concentrated at |η| ∼ 3.5, suggesting dominance of t-channel W boson emission.
For the soft jet, we observe a rise in cross section at low pT and a rapidity also concentrated at
|η| ∼ 3.5, indicating t-channel emission of a massless vector boson. We conclude that VBF is the
driving contribution γ-initiated heavy neutrino production.
In figure 23, we plot the (a) pT and (b) η distributions of the charged lepton produced in
association with N for all channels contributing to Nℓ production. Also shown are the (c) pT
and (d) y distribution of N . For both leptons, we observed a tendency for softer pT and broader
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Figure 22: Stacked (a) pT and (b) η differential distributions, divided by |VℓN |2, at 14 TeV LHC of
the leading jet in the elastic (solid fill), inelastic (dot fill), and DIS (crosshatch fill) processes. (c)
pT and (d) η of the sub-leading jet in DIS.
rapidity distributions in γ-initiated channels than in the DY channel. As DY neutrino production
proceeds through the s-channel, N and ℓ possess harder pT than the γ-initiated states, which
proceed through t-channel production and are thus more forward.
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Figure 23: Stacked (a) pT and (b) η differential distributions at 14 TeV LHC of the charged lepton
produced in association with N for the DY (line fill), elastic, inelastic and DIS processes. (c) pT and
(d) y of N for the same processes. Fill style and normalization remain unchanged from figure 22.
4.3.5 Scale Dependence
For the processes under consideration, namely DY andWγ fusion, there are two factorization scales
involved: Qf and Qγ . They characterize typical momentum transfers of the physical processes. For
the γ-initiated channels, we separate the contributions into three regimes using ΛElγ and Λ
DIS
γ .
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Table 15: Summary of scale dependence in Nℓ±X production at 14 TeV and 100 TeV.
Scale Parameter
Default at
Lower Upper
Variation
14 (100) TeV at 14 (100) TeV
ΛElγ [Eq. (4.33)] 1.22 GeV
mp 2.3 GeV O(10%) (12%)
mp 5 GeV O(22%) (28%)
ΛDISγ [Eq. (4.37)] 15 GeV (25 GeV)
5 GeV 50 GeV O(10%) (15%)
5 GeV 150 GeV O(18%) (27%)
QDYf [Eq. (4.11)]
√
sˆ/2 mN/2
√
sˆ O(10%) (5%)
QDISf [Eq. (4.11)]
√
sˆ/2 mN/2
√
sˆ O(15%) (8%)
Though the quark parton scale Qf is present in all channels, we assume it to be near mN and set
it as in Eq. (4.14).
To quantify the numerical impact of varying these scales, each relevant cross section as a function
of mN is computed with one scale varied while all other scales are held at their default values. The
test ranges are taken as
mp ≤ ΛElγ ≤ 5 GeV, 5 GeV ≤ Qγ = ΛDISγ ≤ 150 GeV,
mN
2
≤ Qf ≤
√
sˆ, (4.44)
In figure 24, we plot the variation band in each production channel cross section due to the shifting
scale. For a given channel, rates are normalized to the cross section using the default scale choices,
as discussed in the previous sections and summarized in the first column of Table 15. High-(low-)
scale choices are denoted by a solid line with right-side (upside-down) up triangles.
For the 14 TeV LO DY process, we observe in figure 24(a) maximally a 9% upward (7%
downward) variation for the range of mN investigated. Below mN ≈ 300 GeV, the default scale
scheme curve is below (above) the high (low) scale scheme curve. The trend is reversed for above
mN ≈ 300 GeV. At 100 TeV, the crossover point shifts to much higher values of mN . Numerically,
we observe a smaller scale dependence at the 5% level.
In figure 24(b), we plot scale variation associated with the factorization scale Qf for DIS.
Maximally, we observe a 16% upward (8% downward) shift. We observe that the crossover between
the high and low scale schemes now occurs at mN . 100 GeV. This is to be expected as sˆ for the
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Figure 24: Cross section ratios relative to the default scale scheme, as a function of mN , for the
high-scale (triangle) and low-scale (upside-down triangle) Qf scheme in (a) DY and (b) DIS. The
same quantity as a function of (c) ΛElγ in elastic (dot), inelastic (dash), elastic+inelastic (dash-dot)
scattering; (d) ΛDISγ in inelastic (dash), DIS (dash-diamond), and inelastic+DIS (dash-dot).
4-body DIS at a fixed neutrino mass is much larger than that for the 2-body DY channel. Similarly,
as
√
sˆ and mN are no longer comparable, as in the DY case, an asymmetry between the high- and
low-scale scheme curves emerges. At 100 TeV, we observe a smaller dependence at the 10% level.
In figure 24(c), we show the dependence on ΛElγ in the elastic (dot) and inelastic (dash) channels,
as well as the sum of the two channels (dash-dot). For the elastic channel we find very small depen-
dence on ΛElγ between mp and 5 GeV, with the analytical expression for f
El
γ/p given in Section 2.6.5.
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For the inelastic channel, on the other hand, we find rather large dependence on ΛElγ between mp
and 5 GeV. Since ΛElγ acts as the regulator of the inelastic channel’s collinear logarithm, this large
sensitivity is expected; see Section 2.7.1 for details regarding f Inelγ/p . We find that the summed rate
is slightly more stable. In the region mp < Λ
El
γ < 2.3 GeV, the variation is below the 10% level.
Over the entire range studied, this grows to 20%. At 100 TeV, similar behavior is observed and
the dependence grows to the 30% level over the whole range.
In figure 24(d), for mN = 500 GeV, we plot the scale dependence on Λ
DIS
γ in the inelastic (dash)
and DIS (dash-diamond) channels, as well as the sum of the two channels (dash-dot). Very large
sensitivity on the scale is found for individual channels, ranging 40%−60% over the entire domain.
However, as the choice of ΛDISγ is arbitrary, we expect and observe that their sum is considerably
less sensitive to ΛDISγ . For Λ
DIS
γ = 5− 50 (5− 150) GeV, we find maximally a 10% (18%) variation.
The stability suggests the channels are well-matched for scales in the range of 5− 50 GeV. Results
are summarized in Table 15.
4.4 HEAVY NEUTRINO OBSERVABILITY AT HADRON COLLIDERS
4.4.1 Kinematic Features of Heavy N Decays to Same-Sign Leptons with Jets at 100
TeV
We consider at a 100 TeV pp collider charged current production of a heavy Majorana neutrino
N in association with n = 0, 1 or 2 jets, and its decay to same-sign leptons and a dijet via the
subprocess N → ℓW → ℓjj:
p p→ N ℓ± + nj → ℓ± ℓ′± + (n+ 2)j, n = 0, 1, 2. (4.45)
Event simulation for the DY and DIS channels was handled with MG5. A NNLO K-factor of
K = 1.3 is applied to the LO DY channel; kinematic distributions are not scaled by K. Elastic and
inelastic channels were handled by extending neutrino production calculations to include heavy
neutrino decay. The NWA with full spin correlation was applied. The elastic channel matrix
element was again checked with MG5.
Detector response was modeled by applying a Gaussian smearing to jets and leptons. For jet
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energy, the energy resolution is parameterized by [217]
σE
E
=
a√
E/ GeV
⊕ b, (4.46)
with a = 0.6 (0.9) and b = 0.05 (0.07) for |η| ≤ 3.2 (> 3.2), and where the terms are added in
quadrature, i.e., x⊕ y =
√
x2 + y2. For muons, the inverse-pT resolution is parameterized by [217]
σ1/pT
(1/pT )
=
0.011 GeV
pT
⊕ 0.00017. (4.47)
We will eventually discuss the sensitivity to the e±µ± final state and thus consider electron pT
smearing. For electrons,5 the pT resolution is parameterized by [217]
σpT
pT
= 0.66 ×
(
0.10√
pT / GeV
⊕ 0.007
)
. (4.48)
Both the muon 1/pT and electron pT smearing are translated into an energy smearing, keeping the
polar angle unchanged. We only impose the cuts on the charged leptons as listed in Eq. (4.31).
In figure 25, we show the transverse momentum and pseudorapidity distributions of the final-
state jets and same-sign dileptons for the processes in Eq. (4.45), for mN = 500 GeV. Jets orig-
inating from N decay are denoted by jWi , for i = 1, 2, and are ranked by pT (p
jW1
T > p
jW2
T ). As
the three-body N → ℓjj decay is preceded by the two-body N → ℓW process, pjWT scales like
mN/4, as seen in figure 25(a). The jets produced in association with N are denoted by j3 or j4,
and also ranked by pT . As VBF drives these channels, we expect j3 (associated with W
∗) and j4
(associated with γ∗) to scale like MW /2 and ΛDISγ , respectively. In figure 25(b), the η distributions
of all final-state jets are shown. We see that j3 and j4 are significantly more forward than jW1
and jW2, consistent with jets participating in VBF. The high degree of centrality of jW1 and jW2
follows from the central W decay.
In figures 25(c) and 25(d), we plot the pT and η distributions of the final-state leptons. The
charged lepton produced in association with N is denoted by ℓ1 and the neutrino’s child lepton by
ℓN . As a decay product, p
ℓN
T scales like (mN −MW )/2, whereas pℓ1T scales as (
√
sˆ − mN )/2. ℓ1
tends to be soft and more forward in the γ-initiated channels.
4.4.2 Signal Definition and Event Selection: Same-Sign Leptons with Jets
For simplicity, we restrict our study to electrons and muons. We design our cut menu based on
the same-sign muon channel. Up to detector smearing effects, the analysis remains unchanged for
5 For this group of exotic searches, the dominant lepton uncertainty stems from pT mis-measurement. The energy
uncertainty is only 1% versus a 20% uncertainty in the electron pT resolution [217].
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Figure 25: (a) pT and (b) η differential distributions of the final-state jets for the processes in
Eq. (4.45), for mN = 500 GeV; (c,d) the same for final-state same-sign dileptons.
electrons. A summary of imposed cuts are listed in Table 16. Jets and leptons are identified by
imposing an isolation requirement; we require
∆Rjj > 0.4, ∆Rℓℓ > 0.2. (4.49)
We define our signal as two muons possessing the same electric charge and at least two jets satisfying
the following fiducial and kinematic requirements:
|ηℓ| < 2.5, pℓT > 30 GeV, |ηj | < 2.5, pjT > 30 GeV. (4.50)
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Table 16: Parton-level cuts on 100 TeV µ±µ±jjX Analysis.
Lepton Cuts Jet Cuts Other Cuts
∆Rℓℓ > 0.2 ∆Rjj > 0.4 ∆R
Min
ℓj > 0.6
pℓT (p
ℓ Max
T ) > 30 (60) GeV p
j
T (p
j Max
T ) > 30 (40) GeV 6ET < 50 GeV
|ηℓ| < 2.5 |ηj | < 2.5 |mCandidateN −mN | < 20 GeV
|MCandidateW −MW | < 20 GeV
|mjjj −mt| < 20 GeV (Veto)
Table 17: Acceptance rates and percentage efficiencies for the signal µ±µ±jjX at 100 TeV VLHC.
σ0 [Eq. (4.16)] [fb] \ mN [GeV] 300 500 1000
Fiducial + Kin. + Smearing [Eq. (4.50)] 281 (41%) 83.9 (45%) 11.6 (28%)
Leading pT Minimum [Eq. (4.51)] 278 (99%) 83.8 (>99%) 11.6 (>99%)
∆Rℓj Separation [Eq. (4.53)] 264 (95%) 79.3 (95%) 10.7 (92%)
6ET Maximum [Eq. (4.54)] 263 (>99%) 78.1 (99%) 10.1 (95%)
MW Reco. [Eq. (4.55)] 252 (96%) 74.1 (95%) 9.51 (94%)
mt Veto [Eq. (4.56)] 251 (99%) 73.5 (99%) 9.42 (99%)
mN Reco. [Eq. (4.57)] 244 (98%) 64.7 (88%) 7.79 (83%)
Acceptance [A] = σ All Cuts0 /σFid.+Kin.+Sm.0 87% 77% 67%
The bare cross sections [defined by factorizing out Sℓℓ as defined in Eq. (4.16)] after cuts listed in
Eqs. (4.50) and (4.49) and smearing are given in the first row of Table 17, for representative masses
mN = 300, 500, and 1000 GeV. Events with additional leptons are rejected. Events with additional
jets are kept; we have not tried to utilize the VBF channel’s high-rapidity jets. About 30-45% of all
ℓ±ℓ′±jjX events survive these cuts. As learned from figure 25, the η requirement given in Ref. [214]
considerably reduces selection efficiency. Extending the fiducial coverage to ηMax = 3 or larger,
though technically difficult, can be very beneficial experimentally.
We plot the maximum pT of jets in figure 26(a) and of charged leptons in figure 26(b), for mN =
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Figure 26: (a) Maximum jet pT , (b) maximum charged lepton pT , (c) minimum ∆Rℓj, (d)
∆RjW1jW2 distributions for mN = 300, 500, and 1000 GeV.
300, 500, and 1000 GeV. One finds that the pj MaxT scale is mN/4 and is set by the N → W → jj
chain. For the lepton case, pℓ MaxT is set by the neutrino decay and scales as mN/2. In light of
these, we apply the following additional selection cuts to reduce background processes:
pj MaxT > 40 GeV, p
ℓ Max
T > 60 GeV. (4.51)
The corresponding rate is given in the second row of Table 17 and we find that virtually all events
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Figure 27: (a) /pT for individual contributions to pp→ ℓ±ℓ′±jjX at mN = 500 GeV. (b) Total /pT
for same mN as figure 26.
pass Eq. (4.51). As both pMaxT are sensitive to mN , searches can be slightly optimized by instead
imposing the variable cut
pj MaxT & O
(mN
4
)
, pℓ MaxT & O
(mN
2
)
. (4.52)
In each of the several production channels, the final-state charged leptons and jets are widely
separated in ∆R; see figure 26(c). With only a marginal effect on the signal rate, we impose the
following cut that greatly reduce heavy quarks backgrounds such as tt production [166]:
∆Rminℓj > 0.6. (4.53)
The corresponding rate is given in the third row of Table 17. If needed, Eq. (4.53) can be set as
high as 1.0 and still maintain a high signal efficiency.
In figure 26(d), the separation between the jets in the N decay is shown. For increasing mN ,
the separation decreases. This is the result of the W boson becoming more boosted at larger
mN , resulting in more collimated jets. For TeV-scale N , substructure techniques become necessary
for optimize event identification and reconstruction. We reserve studying the inclusive same-sign
leptons with at least one (fat) jet for a future analysis.
For the signature studied here, no light neutrinos are present in the final state. For the heavy
neutrino widths listed in Eq. (4.22), the decay length βcτ is from 10−2 − 1 fm, indicating that N
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Figure 28: Reconstructed invariant mass of the (a) W boson and (b) heavy N candidates for same
mN as figure 26.
is very short-lived. Thus, there is no source of missing transverse momentum (MET) in the same-
sign leptons with (n + 2)j aside from detector-level mis-measurements, which are parameterized
by Eqs. (4.46)-(4.48). With this smearing parameterization, forward (large η) jets are observed
with less precision than central (small η) jets. Due to the naturally larger energies associated with
forward jets participating in VBF at 100 TeV, the energy-dependent term in Eq. (4.46) provides a
potentially large source of momentum mis-measurements in our analysis. This channel-dependent
behavior can be seen in figure 27(a) for mN =500 GeV. The increase in MET is found to be
modest. In figure 27(b), we plot the combined MET differential distribution for representative mN .
To maximize the contributions to our signal rate, we impose the loose criterion
/pT < 50 GeV. (4.54)
The corresponding rate is given in the fourth row of Table 17 and show that most events pass.
Though technically difficult, tightening this cut can greatly enhance the signal-to-noise ratio.
To identify the heavy neutrino resonance in the complicated ℓ±ℓ±+(n+2)j topology, we exploit
that the N → ℓ±jj decay results in two very energetic jets that remain very central and possess
a resonant invariant mass. In the 4j final-state channel, (rare) contributions from Nℓ±W∓ can
lead to the existence of a second W boson in our signal. To avoid identifying a second W (or a
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continuum distribution) as the W boson from our heavy neutrino decay, we employ the following
algorithm: (i) First consider all jets satisfying Eq. (4.50) and require that at least one pair possesses
an invariant mass close to MW , i.e.,
|mjmjn −MW | < 20 GeV. (4.55)
(ii) If no such pair has an invariant mass within 20 GeV of MW , then the event is rejected. (iii) If
more than one pair satisfies Eq. (4.55), including the situation where one jet can satisfy Eq. (4.55)
with multiple partners, we identify the jj-system with the highest pT as the childW boson from the
heavy neutrino decay. This last step is motived by the fact that the pT of neutrino’s decay products
scale like pT ∼ mN/2, and thus at larger values of mN the W boson will become more boosted.
This is contrary to Nℓ±W∓ and continuum events, in which all states are mostly produced close to
threshold. In figure 28(a), we plot the reconstructed invariant mass of the dijet system satisfying
this procedure and observe a very clear resonance at MW . The corresponding rate is given in the
fifth row of Table 17 and show most events pass.
To remove background events from ttW production, events containing four or more jets with
any three jets satisfying
|mjjj −mt| < 20 GeV (4.56)
are rejected. As this is a non-resonant distribution in the Nℓ + nj channels, its impact on the
signal rate is minimal. The corresponding rate is given in the sixth row of Table 17 and show
that nearly all events pass. A top quark-veto can be further optimized by introducing high-purity
anti-b-tagging, e.g., Ref. [218].
We identify N by imposing the mN -dependent requirement on the two (ℓi,WCand.) pairs and
choose whichever system possesses an invariant mass closer to mN . In figure 28(b), we plot the
reconstructed invariant mass of this system observing very clear peaks at mN . It is important to
take into account that the width of the heavy neutrino grows like m3N , and reaches the 10 GeV-level
at mN = 1 TeV. Therefore, we apply the following width-sensitive cut:
|mN Cand. −mN | < Max(20 GeV, 3ΓN). (4.57)
The corresponding rate is given in the seventh row of Table 17 and show most events pass.
The acceptance A of our signal rate, defined as
A = σAll Cuts / σFidcuial Cuts+Kinematic Cuts+Smearing, (4.58)
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Table 18: Expected µ±µ±jjX (bare) signal and SM background rates at 100 TeV VLHC after cuts.
Number of background events and required signal events for 2σ sensitivity after 100 fb−1.
mN [GeV] 100 200 300 400 500 600
σ All Cuts0 [fb] 205 588 244 118 64.7 48.1
σSMTot [ab] 16.3 115 53.2 22.2 11.4 6.01
n
b+δSys
2σ (100 fb
−1) 4 18 9 5 3 2
ns2σ(100 fb
−1) 8 16 11 9 7 6
mN [GeV] 700 800 900 1000 1100 1200
σ All Cuts0 [fb] 23.4 14.4 10.5 7.79 4.61 4.01
σSMTot [ab] 3.47 1.94 1.57 1.25 0.795 0.649
n
b+δSys
2σ (100 fb
−1) 2 1 1 1 1 1
ns2σ(100 fb
−1) 7 5 5 5 5 5
Table 19: Same as Table 18 for e±µ±jjX.
mN [GeV] 100 200 300 400 500 600
σ All Cuts0 [fb] 408 1160 480 230 125 93.2
σSMTot [ab] 196 4000 578 82.2 17.7 8.20
n
b+δSys
2σ (100 fb
−1) 27 434 71 13 4 3
ns2σ(100 fb
−1) 18 71 30 13 8 8
mN [GeV] 700 800 900 1000 1100 1200
σ All Cuts0 [fb] 44.9 27.7 20.3 15.1 8.98 7.86
σSMTot [ab] 4.79 2.68 2.07 1.87 1.29 0.932
n
b+δSys
2σ (100 fb
−1) 2 1 1 1 1 1
ns2σ(100 fb
−1) 6 5 5 5 5 5
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is given in the last row of Table 17. The total bare rate for the µµ and µe channels at representative
values of mN are given, respectively, in the Tables 18 and 19.
4.4.3 Background
Although there are no lepton-number violating processes in the SM, there exist rare processes with
final-state, same-sign leptons as well as “faked” backgrounds from detector mis-measurement. Here
we describe our estimate of the leading backgrounds to the final-state
pp→ ℓ±ℓ′± + n ≥ 2j +X (4.59)
for the µµ and eµ channels. The principle SM processes are ttX, W±W±X, and electron charge
misidentification. We model the parton-level matrix elements of these processes using MG5 aMC@
NLO [56] and the CTEQ6L PDFs [63] with factorization and renormalization scales Q =
√
sˆ/2. We
perform the background analysis in the same manner as for the signal-analysis.
4.4.3.1 tt At 100 TeV, radiative EW processes at α2sα such as
p p → t t W± → b b W+ W− W± → ℓ± ℓ′± b b j j νℓ νℓ′ , (4.60)
possess non-negligible cross sections. At LO, σ(ttW → µ±µ±bbjjνµνµ) ≈ 40 fb, and threatens
discovery potential. At 14 TeV, ttW possesses a NLO K-factor of K = 1.2 [219]. As an estimate,
this is applied at 100 TeV. As shown in Table 20, the tight acceptance cuts reduce the rate by
roughly 75%. Unlike the signal process, ttW produces two light neutrinos, an inherent source of
MET. After the MET cut, the background rate is reduced to the 2 fb level. Lastly, the decay chain
t → b W → b j j (4.61)
can be reconstructed into a top quark. Rejecting any event with a three-jet invariant mass near
the top quark mass, i.e., Eq. (4.56), dramatically reduces this background to the tens of ab level.
At this point, approximately 0.2% of events passing initial selection criteria survive.
At 100 TeV, the NLO tt cross section is estimated to be σ(tt) ≈ 1.8× 107 fb [214]. Hence, rare
top quark decays have the potential to spoil our sensitivity, e.g.,
pp → t t → b b W+ W− → b c ℓ+ ℓ+′ νℓ νℓ′ W− + c.c., (4.62)
where a b-quark hadronizes into a B-meson that then decays semi-leptonically through the b→ cℓνℓ
subprocess, which is proportional to the small mixing |Vcb|2. The MET and ∆Rℓj cuts render the
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Table 20: Acceptance rates for SM tt at 100 TeV pp collider.
σ(ttW ) [fb] eµ µµ
Fiducial + Kinematics + Smearing [K = 1.2] [Eq. (4.50)] 20.5 10.3 (26%)
Leading pT Minimum [Eq. (4.51)] 16.5 8.23 (80%)
∆Rℓj Separation [Eq. (4.53)] 11.8 5.91 (72%)
6ET Maximum [Eq. (4.54)] 3.58 1.78 (30%)
MW Reconstruction [Eq. (4.55)] 2.54 1.27 (72%)
mt Veto [Eq. (4.56)] 0.0452 0.0213 (2%)
σ(tt) (Electron Charge Mis-ID) [fb] eµ
Fiducial + Kinematics + Smearing [Eq. (4.50)] [K = 0.96] 94.5 ×103 (21%)
Leading pT Minimum [Eq. (4.51)] 67.0 ×103 (71%)
∆Rℓj Separation [Eq. (4.53)] 55.2 ×103 (82%)
6ET Maximum [Eq. (4.54)] 21.4 ×103 (39%)
MW Reconstruction [Eq. (4.55)] 3.12 ×103 (15%)
mt Veto [Eq. (4.56)] 3.12 ×103 (100%)
Charge Mis-ID [ǫe Mis−ID] [Eq. (4.64)] 10.9 (0.4%)
rate negligible [168]. Usage of high-purity anti-b tagging techniques [218] can further suppresses this
process. The b→ u transition offers a similar background but is |Vub/Vcb|2 ∼ (0.1)2 smaller [136].
4.4.3.2 Electron Charge Misidentification An important source of background for the
e±µ± channel is from electron charge misidentification in fully leptonic decays of top quark pairs:
p p→ t t→ b b W+ W− → b b e± ℓ∓ νeνℓ, ℓ = e, µ. (4.63)
Such misidentification occurs when an electron undergoes bremsstrahlung in the tracker volume and
the associated photon converts into an e+e− pair. If the electron of opposite charge carries a large
fraction of the original electron’s energy, then the oppositely charged electron may be misidentified
as the primary electron. For muons, this effect is negligible due the near absence of photons
converting to muons [220, 221]. At the CMS detector, the electron charge misidentification rate,
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Table 21: Acceptance rates for SM W±W± at 100 TeV pp collider.
σ(W±W± + 2j) [fb] eµ µµ
Fiducial + Kinematics + Smearing [Eq. (4.50)] 11.6 5.78 (11%)
Leading pT Minimum [Eq. (4.51)] 9.45 4.72 (82%)
∆Rℓj Separation [Eq. (4.53)] 7.46 3.63 (77%)
6ET Maximum [Eq. (4.54)] 2.56 1.28 (35%)
MW Reconstruction [Eq. (4.55)] 0.132 0.0664 (5%)
mt Veto [Eq. (4.56)] 0.132 0.0664 (100%)
σ(W±W±W∓) [fb] eµ µµ
Fiducial + Kinematics + Smearing [K = 1.8] [Eq. (4.50)] 3.35 1.68 (13%)
Leading pT Minimum [Eq. (4.51)] 2.53 1.26 (75%)
∆Rℓj Separation [Eq. (4.53)] 2.31 1.11 (87%)
6ET Maximum [Eq. (4.54)] 0.754 0.375 (34%)
MW Reconstruction [Eq. (4.55)] 0.735 0.368 (98%)
mt Veto [Eq. (4.56)] 0.735 0.368 (100%)
ǫe Mis−ID, has been determined as a function of generator-level η [221]. We assume a conservative,
uniform rate of
ǫe Mis−ID = 3.5× 10−3. (4.64)
To estimate the effect of electron charge mis-ID at 100 TeV, we consider Eq. (4.63), normalized
to NLO. Other charge mis-ID channels, including Z + nj, are coupling/phase space suppressed
compared to tt. The tt rate after selection cuts is recorded in Table 20, and exists at the 100 pb
level. We find that the electron charge mis-ID rate for Eq. (4.63) can be as large as 11 fb before
the mN Cand cut is applied. As either electron in the e
±e± channel can be tagged, the mis-ID
background is the same size as the e±µ± channel. Applying the mN Cand cut we observe that the
background quickly falls off for mN & 200 GeV. As with other backgrounds possessing final-state
bottoms, high purity anti-b-tagging offers improvements. We conclude that the effects of charge
misidentification are the dominant background in electron-based final states.
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4.4.3.3 W±W± The QCD and EW processes at orders α2sα2 and α3 , respectively,
p p → W± W± j j (4.65)
p p → W± W± W∓ (4.66)
present a challenging background due to their sizable rates and kinematic similarity to the signal
process. The triboson production rate at NLO in QCD for 14 TeV LHC has been calculated [222].
As an estimate, we apply the 14 TeV K-factor of K = 1.8 to the 100 TeV LO W±W±W∓ channel.
After requiring the signal definition criteria, we find the W±W± backgrounds are present at the
several fb-level. Like tt, the W±W±X final states possess light neutrinos and non-negligible MET.
Imposing a maximum on the allowed MET further reduces the background by about 35%. As
no W → jj decay exists in the QCD process, the reconstructed MW requirement drops the rate
considerably. After the mt veto, the SM W
±W±X rate is 0.4 (0.9) fb for the µµ (eµ) channel.
For all background channels, we apply the mN -dependent cut given in Eq. (4.57) on the invari-
ant mass of the reconstructed W candidate with either charged lepton. The total expected SM
background after all selection cuts as a function of mN are given for the µµ channel in figure 29(a),
and the eµ channel in figure 29(b). The total expected SM background for representative values of
mN are given in Tables 18 and 19, respectively. For these channels, we find a SM background of
1− 115 ab and 1− 4000 ab for the neutrino masses considered. For both channels, the background
is greatest for mN . 400 GeV and become comparable for mN & 600 GeV.
4.4.4 Discovery Potential at 100 TeV
We now estimate the discovery potential at the 100 TeV VLHC of L-violation via same-sign leptons
and jets. We quantify this using Poisson statistics. Details of our treatment can be found in
Section 2.8. The total neutrino cross section is related to the total bare cross section by the
expression
σ(ℓ±ℓ
′±jj +X) = Sℓℓ′ × σ0(ℓ±ℓ′±jj +X). (4.67)
We consider two scenarios for Sµµ, one used by Ref. [168], dubbed the “optimistic” scenario,
Sµµ = 6× 10−3, (4.68)
and the more stringent value obtained in Eq. (4.25), dubbed the “pessimistic” scenario,
Sµµ = 1.1× 10−3. (4.69)
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Figure 29: Total SM background versus mN for (a) µ
±µ± and (b) e±µ± channels at 100 TeV.
For Seµ, we use the mN -dependent quantity obtained in Eq. (4.24), i.e., 10
−5−10−6. We introduce
a 20% systematic uncertainty by making the following scaling to the SM background cross section
σSM → δSys × σSM, δSys = 1.2. (4.70)
For the µµ and eµ channels, respectively, the maximum number of background events and requisite
number of signal events at a 2σ significance after 100 fb−1 are given in Tables 18 and 19. For
the µµ channel, these span 1− 18 background and 5− 16 signal events; for eµ, 1− 434 and 5− 71
events.
We translate this into sensitivity to the mixing parameter Sℓℓ′ and plot the 2σ contours in
Sℓℓ′−mN space assuming 100 fb−1 (dash-diamond) and 1 ab−1 (dash-star) for the µµ [figure 30(a)]
and eµ [figure 30(b)] channels. In the µµ scenario and mN = 500 GeV, a mixing at the level of
Sµµ = 1.2 × 10−3 (2.5 × 10−4) with 100−1 (1 ab−1) can be probed. The optimistic (pessimistic)
bound is given by the solid (short-dash) horizontal line. In the eµ scenario and the same mass,
we find sensitivity to Seµ = 7.2 (1.5) × 10−4. For the eµ channel, the EW+0νββ bound is at the
10−6 − 10−5 level. Sensitivity to Sℓℓ′ at 100 TeV is summarized in Table 22.
Comparatively, we observe a slight “dip” (broad “bump”) in the µµ (eµ) curve around 200
GeV. For the µµ channel, this is due to the low signal acceptance rates for Majorana neutrinos
very close to the W threshold; the search methodology for mN near or below the MW has been
studied elsewhere [166,168]. For mN ≥ 200 GeV, the signal acceptance rate grows rapidly, greatly
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Figure 30: At 100 TeV and as a function of mN , the 2σ sensitivity to Sℓℓ′ after 100 fb
−1
(dash-diamond) and 1 ab−1 (dash-star) for the (a) µ±µ± and (b) e±µ± channels. The optimistic
(pessimistic) bound is given by the solid (short-dash) horizontal line. (c) The required luminosity
for a 3 (dash-circle) and 5σ (dash-star) discovery in the µ±µ± channel
increasing sensitivity. In the eµ channel, the electron charge mis-ID background is greatest in the
region around 200 GeV and quickly dwindles for larger mN . In the low-mass regime, we find greater
sensitivity in the µµ channel. However, due to flavor multiplicity and comparable background rates,
the eµ channel has greater sensitivity in the large-mN regime.
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Table 22: Sensitivity to the mixing parameter Sℓℓ′ at the 14 TeV LHC and 100 TeV VLHC
L Seµ(100 TeV) Sµµ(100 TeV) Sµµ(14 TeV)
2σ
100 fb−1 4.9× 10−4 2.7× 10−4 1.4 × 10−4
1 ab−1 1.4× 10−4 7.5× 10−5 3.1 × 10−5
375 GeV
100 fb−1 6× 10−4 7.5× 10−4 3× 10−3
1 ab−1 1.7× 10−4 1.8× 10−4 5.5 × 10−4
500 GeV
100 fb−1 7.2× 10−4 1.2× 10−3 8× 10−3
1 ab−1 1.5× 10−4 2.5× 10−4 1.1 × 10−3
Table 23: Sensitivity to heavy neutrino production in the µµ channel at 14 and 100 TeV.
100 TeV 2σ(100 fb−1) 5σ(100 fb−1) 5σ(1 ab−1) L5σ(375 GeV) L5σ(500 GeV)
Optimistic 980 GeV 580 GeV 1070 GeV 40 fb−1 80 fb−1
Pessimistic 470 GeV 215 GeV 615 GeV 380 fb−1 750 fb−1
14 TeV 2σ(100 fb−1) 5σ(100 fb−1) 5σ(1 ab−1) L5σ(375 GeV) L5σ(500 GeV)
Optimistic 465 GeV 270 GeV 530 GeV 300 fb−1 810 fb−1
Pessimistic 255 GeV 135 GeV 280 GeV 2.6 ab−1 6.9 ab−1
In figure 30(c), we plot as a function of mN the required luminosity for a 3σ (circle) and 5σ
(star) discovery in the µµ channel for the optimistic (red, dash) and pessimistic (purple, dash-dot)
mixing scenarios. With 100 fb−1(1 ab−1) and in the optimistic scenario, a Majorana neutrino with
mN = 580 (1070) GeV can be discovered at 5σ significance; with the same integrated luminosity
but in the pessimistic scenario, the reach is mN = 215 (615) GeV. In the optimistic (pessimistic)
scenario, for a 375 GeV Majorana neutrino, a benchmark used by Ref. [168], a 5σ discovery can be
achieved with 40 (350) fb−1; for 500 GeV, this is 80 (750) fb−1. Sensitivity to mN at 100 TeV is
summarized in Table 23.
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Table 24: Parton-level cuts on 14 TeV µ±µ±jjX Analysis
Lepton Cuts Jet Cuts Other Cuts
∆Rℓℓ > 0.2 ∆Rjj > 0.4 ∆R
Min
ℓj > 0.5
pℓT (p
ℓ Max
T ) > 10 (30) GeV p
j
T (p
j Max
T ) > 15 (40) GeV 6ET < 35 GeV
|ηℓ| < 2.4 |ηj | < 2.4 |mCandidateN −mN | < 20 GeV
|MCandidateW −MW | < 20 GeV
|mjjj −mt| < 20 GeV (Veto)
Table 25: Same as Table 18 for 14 TeV LHC.
σ \ mN [GeV] 100 200 300 400 500 600 700
σ All Cuts0 [fb] 576 132 36.0 14.0 6.28 3.05 1.55
σSMTot [ab] 14.1 18.6 5.62 2.05 0.837 0.393 0.195
n
b+δSys
2σ (100 fb
−1) 4 4 2 1 1 0 0
ns2σ(100 fb
−1) 8 8 6 5 5 4 4
4.4.5 Updated Discovery Potential at 14 TeV LHC
We update the 14 TeV LHC discovery potential to heavy Majorana neutrinos above the W boson
threshold decaying to same-sign muons. Our procedure largely follows the 100 TeV scenario but
numerical values are based on Ref. [168]. Signal-wise, we require exactly two same-sign muons
(vetoing additional leptons) and at least two jets (allowing additional jets) satisfying the cuts listed
in Table 24. Differences from the analysis introduced by Ref. [168] include: updated smearing
parameterization given in Eqs. (4.46) and (4.47); an 6ET requirement based on the ATLAS detector
capabilities given in Ref. [177]; cuts on the leading charged lepton and jet; and more stringent
requirements on the W and N candidate masses. These differences sacrifice sensitivity to mN .
100 GeV for high-mass reach. For our NNLO in QCD K-factor, we use K = 1.2, as given in
Eq. (4.28). We report the bare heavy neutrino rate after all cuts for representative mN in the first
row of Table 25. The total bare rate ranges from 2− 580 fb for mN = 100− 700 GeV.
143
 [GeV]Nm
100 200 300 400 500 600 700
µµS
-510
-410
-310
-210
-1
, 100 fbσ2
-1
, 1 abσ2
 14 TeV LHC±µ±µ
(a)
 [GeV]Nm
100 200 300 400 500 600 700
]  
   
-
1
In
te
gr
at
ed
 L
um
in
os
ity
 [f
b
1
10
210
310
σ3
←
←
σ5
←
←
 14 TeV LHC±µ±µ
(b)
Figure 31: At 14 TeV, (a) same as figure 30(a); (b) same as figure 30(c).
As previously discussed or shown, the tt background for the dimuon channel is negligible, so
we focus on W±W± pairs. For triboson production, an NLO in QCD K factor of K = 1.8 is
applied [222]. After all cuts, the expected SM background for representative mN is given in the
second row Table 25. After the mN -dependent cut, the expected SM background rate reaches at
most 19 ab. Like the 100 TeV case, a 20% systematic is introduced into the background. For
the µµ and eµ channels, respectively, The maximum number of background events and requisite
number of signal events at a 2σ significance after 100 fb−1 are given in the third and fourth rows,
respectively, of Table 25.
In figure 31(a), we plot the 2σ sensitivity to the mixing coefficient Sµµ after 100 fb
−1 (dash-
diamond) and 1 ab−1 (dash-star). For the benchmark mN = 375 GeV, a mixing at the level of
Sµµ = 3 × 10−3 (5.5 × 10−4) with 100−1 (1 ab−1) can be probed; for mN = 500 GeV, we find
sensitivity to be Sµµ = 8 × 10−3 (1.1 × 10−4). The optimistic (pessimistic) bound is given by the
solid (short-dash) horizontal line. Sensitivity to Sµµ at 14 TeV is summarized in Table 22.
In figure 31(b), we plot as a function of mN the required luminosity for a 3σ (circle) and 5σ
(star) discovery in the µµ channel for the optimistic (red, dash) and pessimistic (purple, dash-dot)
mixing scenarios. With 100 fb−1 (1 ab−1) and in the optimistic scenario, a Majorana neutrino with
mN = 270 (530) GeV can be discovered at 5σ significance; in the pessimistic scenario, the reach is
mN = 135 (280) GeV. In the optimistic (pessimistic) scenario, for the 375 GeV benchmark, a 5σ
144
discovery can be achieved with 300 (2600) fb−1; for 500 GeV, this is 810 (6900) fb−1. Sensitivity
to mN at 14 TeV is summarized in Table 23.
4.5 SUMMARY
The search for a heavy Majorana neutrino at the LHC is of fundamental importance. It is com-
plimentary to the neutrino oscillation programs and, in particular, neutrinoless double-beta decay
experiments. We have studied the production of a heavy Majorana neutrino at hadron colliders
and its lepton-number violating decay as in Eq. (4.45), including the NNLO DY contribution, the
elastic and inelastic pγ → Nℓj processes, and the DIS pp → Nℓjj process via Wγ∗ fusion. We
have determined the discovery potential of the same-sign dilepton signal at a future 100 TeV pp
collider, and updated the results at the 14 TeV LHC. We summarize our findings as follows:
• Vector boson fusion processes,e.g., Wγ → Nℓ, become increasingly more important at higher
collider energies and larger mass scales due to collinear logarithmic enhancements of the cross
section. At the 14 TeV LHC, the three contributing channels of elastic, inelastic and DIS are
comparable in magnitude, while at the 100 TeV VLHC, the tendency, in descending importance,
is DIS, inelastic, and elastic; see figures 18(a) and 18(b).
• We approximately computed the QCD corrections up to NNLO of the DY production of Nℓ to
obtain the K-factor. We found it to span 1.2− 1.5 for mN values between 100 GeV and 1 TeV
at 14 and 100 TeV pp collisions, and is summarized in Table 13.
• The Wγ fusion processes surpasses the DY mechanism at mN ∼ 1 TeV (770 GeV) at the 14
TeV LHC (100 TeV VLHC); see figure 18(c) [18(d)]. However, we disagree with the results
of Refs. [174], where higher order contributions dominating over the LO DY production at
mN ≥ 200 GeV were claimed. The discrepancy is attributed to their too low a pjT cut that
overestimates the contribution of initial-state radiation based on a tree-level calculation.
• We have introduced a systematic treatment for combining initial-state photons from various
channels and predict cross sections that are rather stable against the scale choices, typically
less than 20%. The exception is the inelastic process, which is rather sensitive to the scale ΛElγ
where the elastic and inelastic processes are separated. Variation of this scale could lead to
about a 30% uncertainty. Scale dependence is shown in figure 24 and the results summarized
in Table 15.
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• We quantified the signal observability by examining the SM backgrounds. We conclude that,
with the currently allowed mixing |VµN |2 < 6× 10−3, a 5σ discovery can be made via the same-
sign dimuon channel for mN = 530 (1070) GeV at the 14 TeV LHC (100 TeV VLHC) after 1
ab−1; see Table 23. Reversely, for mN = 500 GeV and the same integrated luminosity, a mixing
|VµN |2 of the order 1.1× 10−3 (2.5× 10−4) may be probed; see Table 22. This study represents
the first investigation into heavy Majorana neutrino production in 100 TeV pp collisions.
146
5.0 LEPTON NUMBER VIOLATION AND W ′ CHIRAL COUPLINGS AT THE
LARGE HADRON COLLIDER
5.1 INTRODUCTION
Neutrino experiments, over the past decade, have shown undeniably that neutrinos are massive and
have large mixing angles [140–147] In the Standard Model (SM) of particle physics, neutrino masses
can be accommodated by a non-renormalizable dimension-5 operator containing left-handed (L.H.)
neutrinos, νL [223]. Such an operator can be generated at low energy by including heavy right-
handed (R.H.) neutrinos, νR. However, the R.H. neutrinos are gauge singlets and so Majorana mass
terms should also be present without violating any gauge symmetry. The consequences of massive
Majorana neutrinos are well-known [224–226], and have been incorporated into many models,
such as left-right symmetric theories [227]; supersymmetric (SUSY) SO(10) grand unified theories
(GUTs) [228] and other GUTs [229]; R-parity violating SUSY [230]; and extra dimensions [231]. A
recent review of TeV scale neutrino mass models can be found in Ref. [232].
Many of the aforementioned models contain an extended gauge group or Keluza-Klein (KK)
excitations of SM gauge bosons. We refer to additional vector bosons charged under the U(1)EM
gauge group collectively as “W ′”. If the masses of the W ′ and the lightest heavy neutrino mass
eigenstate, N , are both on the order of a few TeV, then they can be produced in tandem at the
Large Hadron Collider (LHC). As first observed by Ref. [162], a W ′ with mass greater than a
Majorana neutrino’s mass allows the possibility of observing the spectacular lepton number (L)
violating process
pp→ W ′ → ℓ±N → ℓ±ℓ±jj. (5.1)
If a W ′ is discovered at the LHC [233], it is obviously imperative to measure its chiral coupling
to fermions. In a previous work [234], three of the present authors proposed measuring the W ′
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chiral couplings to quarks by studying the process
pp→W ′ → tb¯→ ℓ+νℓbb¯. (5.2)
It was found that the couplings could be establish as being purely left- or purely right-handed by
analyzing the polar angle of the charged lepton in the top’s rest-frame with respect to the top’s
direction of motion in the partonic center of momentum (c.m.) frame.
We now extend this prior analysis into the leptonic sector via the L-violating cascade decay
of Eq. (5.1). More specifically, by reconstructing the polar angle of the lepton originating from
the neutrino decay in the neutrino rest-frame and with respect to the direction of motion of the
neutrino in the partonic c.m. frame, it can be uniquely determined if the W ′ coupling to leptons is
purely left-handed, purely right-handed, or a mixture of the two. We show that the distribution of
the angle made between N ’s production plane and its sequential decay plane is sensitive to the W ′
chiral coupling with the initial-state quarks but independent of the W ′ coupling to leptons. These
results are demonstrated through a combination of analytical calculations and event simulations,
assuming nominal LHC parameters.
Majorana neutrinos can decay into either leptons or antileptons, and so W ′ and N may also
contribute to the L-conserving collider signature
pp→ W ′ → ℓ±N → ℓ+ℓ−jj. (5.3)
For completeness, we have analyzed the polar angular distributions of the unlike-sign process and
comment on the important differences between the L-conserving and L-violating cases.
This paper is structured as follows: First, in section 5.2, we present our notation for the W ′
couplings to SM particles and neutrino mass eigenstates, and list current constraints on both W ′’s
and N ’s. In section 5.4, we discuss the production and decay of W ′’s and N ’s at the LHC. The
like-sign lepton signature, pp → ℓ±ℓ±jj, its reconstruction, and suppressed background are fully
analyzed in section 5.5. In 5.6, we propose methods to measure independently the chiral couplings of
theW ′ to leptons and to the initial-state quarks. Finally, in section 5.7, we provide a few comments
on the contribution of W ′ and N to the L-conserving process pp → W ′ → ℓ+ℓ−jj regarding the
difference between the Majorana and Dirac neutrinos. We conclude and summarize our results in
section 5.8. Two appendices are additionally included. The first addresses neutrino mass mixing
in the context of W ′ couplings, and the second presents a derivation of the matrix element and
angular distributions for our like- and unlike-sign dilepton signals.
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5.2 THEORETICAL FRAMEWORK AND CURRENT CONSTRAINTS
There are many Beyond the Standard Model (BSM) theories containing additional vector bosons
that couple to SM fermions, for example: left-right symmetric theories [235] with a new SU(2)R
symmetry and an associated W ′R; Little Higgs models with enlarged gauge symmetries [236]; extra
dimensional theories with KK excitations [237–239]. Heavy Majorana neutrinos in BSM theo-
ries [227–231], and in particular those with TeV-scale masses [161,240–242], are just as common.
In this analysis, we assume the existence of a new heavy electrically charged vector boson,
W
′± with mass MW ′ , and a right-handed neutrino, NR. We denote the corresponding heavy
neutrino mass eigenstate as N with mass mN . We stipulate that MW ′ is of the order of a few
TeV and MW ′ > mN so as the W
′ → Nℓ decay is kinematically accessible by the LHC, but
do not otherwise tailor to a specific theory. Regarding the parameterization of mixing between
neutrino mass eigenstates with SM flavor eigenstates, we adopt the notation of Ref. [168], and
extend it to include coupling to a model-independent W ′ in Section 5.2.1. This parameterization
is accomplished with a minimum amount of parameters.
5.2.1 Neutrino Mixing with W ′ Couplings
5.2.1.1 Model-Independent W ′ Charged Current Couplings The goal of this paper is
to explore the feasibility of quantifying the properties of a new charged gauge boson, W ′, at the
LHC. For this purpose, we relax the W ′ interactions to include both left-handed and right-handed
leptons,
LaL =

 νa
la


L
, RbR =

 Nb
lb


R
, (5.4)
with a, b = 1, 2, 3. The L.H. neutrinos and charged leptons that are members of SU(2)L doublets
in the Standard Model (SM) are denoted by νaL and la. The R.H. neutrinos, which are SM
singlets, and R.H. charged leptons are denoted by NbR and lb. To grasp the feature of Left-Right
symmetric models for a W ′, we pair NbR and lb into the an SU(2)R doublet. Though there may
be more “sterile” neutrinos, i.e., b > 3, we consider only b = 3 and one new mass eigenstate in our
phenomenological presentation. The mass mixing matrix in Eq. (4.3), in the present case, becomes
a 6× 6 matrix with several repeating entries.
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With this assignment, the resulting charged current interactions are
L =
(
− g
ℓ
L√
2
W
′+
µL
3∑
a=1
νaLγ
µPLl
−
a −
gℓR√
2
W
′+
µR
3∑
b=1
NbRγ
µPRl
−
b
)
+ h.c. (5.5)
We have explicitly included the couplings of left- and right-charged currents with new gauge inter-
actions via W ′L,R.
The gauge state leptons, la and lb, may be rotated into the mass eigenstates, which are defined
to be the flavors eigenstates ℓ = e, µ, τ . This amounts to the rotation
l−a =
τ∑
ℓ=e
Oaℓℓ
−. (5.6)
With the SM-like simplest Higgs mechanism, this transformation is trivial and we will make it
implicit without loss of generality. By simultaneously expanding into the neutrinos’ mass basis and
into the charged leptons’ flavor basis, we obtain
L = −
τ∑
ℓ=e
gℓL√
2
W
′+
µ
[
3∑
m=1
νmU
∗
mℓ +
n+3∑
m′=4
N cm′V
∗
m′ℓ
]
γµPLℓ
− + h.c.
−
τ∑
ℓ=e
gℓR√
2
W
′+
µ
[
3∑
m=1
νcmXmℓ +
n+3∑
m′=4
Nm′Ym′ℓ
]
γµPRℓ
− + h.c., (5.7)
where
U∗mℓ ≡
3∑
a=1
U∗maOaℓ, V
∗
m′ℓ ≡
3∑
a=1
V ∗m′aOaℓ, Xmℓ ≡
3∑
b=1
X∗mbObℓ, Y
∗
m′ℓ ≡
3∑
b=1
Ym′bObℓ. (5.8)
These are the general couplings for the W ′ charged currents that we follow in this study.
Leptonic couplings to the SMW± boson can be recovered from Eq. (5.7) by identifyingW ′± →W±
and by setting
gℓL = g and g
ℓ
R = 0, (5.9)
where g is the SU(2)L coupling constant in the SM. Similarly, we arrive at the SU(2)R charged
current coupling by identifying W ′ →W±R and by setting
gℓL = 0 and g
ℓ
R 6= 0. (5.10)
In the quark sector, we do not plan to go through a fully-fledged construction for the charged
current couplings. Instead, we take the simplest approach and just parameterize the model-
independent W ′ Lagrangian by
L = −1√
2
3∑
i,j=1
W
′+
µ uiV
CKM ′
ij γ
µ
[
gqLPL + g
q
RPR
]
dj + h.c., (5.11)
where V CKM
′
is an unknown flavor mixing matrix.
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5.2.2 W ′ Chiral Coupling to Fermions
The model-independent Lagrangian that governs the interaction between SM quarks and a new,
massive, electrically charged vector boson, W ′, is given by
L = − 1√
2
3∑
i,j=1
W
′+
µ uiV
CKM ′
ij γ
µ
[
gqRPR + g
q
LPL
]
dj + h.c., (5.12)
where ui (dj) denotes the Dirac spinor of an up-(down-)type quark with flavor i (j); V
CKM ′
parameterizes the mixing between flavors i and j for the new charged current interactions just
as the Cabibbo-Kobayashi-Maskawa (CKM) matrix does in the SM; gqR,L is the W
′’s universal
coupling strength to right-(left-) handed quarks; and PR,L =
1
2 (1± γ5) denotes the R,L-handed
chiral projection operator.
We parameterize the new boson’s coupling to charged leptons with flavor ℓ and neutral leptons
with mass mm (for the three light states) or mN (for the heavy state) in the following way:
L = −
τ∑
ℓ=e
gℓR√
2
W
′+
µ
[
3∑
m=1
νcmXℓm +NYℓN
]
γµPRℓ
−
−
τ∑
ℓ=e
gℓL√
2
W
′+
µ
[
3∑
m=1
νmU
∗
ℓm +N
cV ∗ℓN
]
γµPLℓ
− + h.c. (5.13)
gℓR (g
ℓ
L) is the W
′’s coupling strength to R.H. (L.H.) leptons; Xℓm (Uℓm) parameterizes the mixing
between light neutrino mass eigenstates and R.H. (L.H.) interactions; and YℓN (VℓN ) parameterizes
the mixing between the heavy neutrino mass eigenstate and R.H. (L.H.) interactions. Lastly,
ψc = CψT denotes the charge conjugate of the field ψ, with C being the charge conjugate operator,
and the chiral states satisfy PL(ψ
c) = (PRψ)
c. In Section 5.2.1, our choice of parameterization is
discussed in detail. From a viewpoint of the model construction as discussed in Refs. [140–147,162,
168], one may expect that UU †, Y Y † ∼ O(1) and V V †, XX† ∼ O(mm/mN ). Since we prefer a
model-independent approach, we will not follow rigorously the above argument and will take the
parameters as
UU †, Y Y † ∼ O(1), and V V †, XX† ∼ O(10−3), (5.14)
which is guided by the current constraints as presented later in this section.
In Eq. (5.13), the W ′ is allowed to have both independent right-handed (gq,ℓR ) and left-handed
(gq,ℓL ) couplings. Subsequently, the pure gauge states W
′
R and W
′
L are special cases of W
′ when
gq,ℓR 6= 0 and gq,ℓL = 0, (5.15)
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and
gq,ℓR = 0 and g
q,ℓ
L 6= 0, (5.16)
respectively. Additionally, the SM W coupling to leptons can be recovered from Eq. (5.13) by
setting
gℓR = 0, and g
ℓ
L = g. (5.17)
Here, g is the usual SM SU(2)L coupling constant.
5.2.3 Current Constraints on W ′
We list only the most stringent, most relevant constraints to our analysis here and refer the reader
to Ref. [136,243] for a more complete review.
• Bounds from CMS: The CMS Experiment has searched forWR and heavy N , whereMWR >
mN , with the ℓ
±ℓ±jj collider signature [244], assuming gR = g. With 5.0 fb−1 of 7 TeV and
3.7 fb−1 of 8 TeV pp collisions, the present mass bounds for W ′R and N are
MWR > 2.9 TeV (mN ≈ 0.8 TeV) and mN > 1.9 TeV (MWR ≈ 2.4 TeV.) (5.18)
The search for the sequential SM W ′, W ′SSM , decaying into a charged SM lepton plus /ET , with
g′ = g, has also been performed. With 3.7 fb−1 of 8 TeV pp collisions [245], the present mass
bound is
MWSSM > 2.85 TeV. (5.19)
• Bounds from ATLAS: The ATLAS Experiment has also searched forWR and heavy N , under
the same stipulations as the CMS Experiment [246]. With 2.1 fb−1 of 7 TeV pp collisions, the
present mass bounds for W ′R and N are
MWR > 2.5 TeV (mN ≈ 0.8 TeV) and mN > 1.6 TeV (MWR ≈ 1.8 TeV.) (5.20)
• Global Fit Analysis: The effects of a generic Z ′ boson on EW precision observables place
bounds [247] of
MZ′/gZ′ & 2.7− 6.7 TeV. (5.21)
For Z ′ andW ′ bosons originating from the same broken symmetry, we expect similar constraints
on MW ′/gW ′ since
MW ′ ∼MZ′ ×O(1). (5.22)
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• Bounds on WL −WR Mixing: Non-leptonic Kaon decays [248] and universality in Weak
decays [249] constrain WL−WR mixing. The present bound for the L-R mixing angle ζ [227] is
|ζ| ≤ 1 ∼ 4× 10−3. (5.23)
5.2.4 Current Constraints on N
More complete lists of constraints on low and high mass neutrinos, respectively, are available [136,
168].
• Bounds from 0νββ: For mN ≫ 1 GeV, a lack of evidence for neutrinoless double beta decay
bounds the mixing between heavy neutrino states and the electron-flavor state at [179,180,250,
251]
∑
m′
|Vem′ |2
mm′
< 5× 10−5 TeV−1, (5.24)
where the sum is over all heavy Majorana neutrinos.
• Bounds from EW Precision Data: A TeV scale singlet neutrino mixing with the SM flavor
states is constrained [183] by
|VeN |2, |VµN |2 < 0.003 and |VτN |2 < 0.006 (5.25)
5.3 DERIVATION OF PARTONIC LEVEL ANGULAR DISTRIBUTIONS
We strive clarify a few subtleties that arise when calculating observables involving Majorana
fermions. To do so, we present a detailed derivation of the matrix element for the lepton-number
(L) violating process:
ui(pA) + dj(pB)→ W ′+ → ℓ+1 (p1) + ℓ+2 (p2) + qm(p3) + qn(p4), (5.26)
with an intermediate Majorana neutrino of mass mN , and governed by the Lagrangian given in
Section 5.2. As discussed in Section 5.5, and shown in Fig. 35, there are two interfering Feynman
diagrams associated with our 2ℓ+2j final state. The interference term may be neglect safely when
calculating the amplitude squared, |M|2, since the heavy neutrino’s width is very narrow and
thus the interference is expected to be small. When constructing and evaluating |M|2, we focus
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Figure 32: The partonic-level process for heavy W
′+ production and decay into like-sign leptons
and quarks in hadronic collisions. The longer, black arrow not touching the Feynman diagram
denotes fermion flow (FF).
on only a single diagram (Fig. 32) but stress that the two diagrams can be treated identically.
Additionally, the narrowness of the SM W boson’s width allows us to further apply the Narrow
Width Approximation (NWA). The NWA stipulates that, due to its small width compared to its
mass, the W boson will dominantly be produced on-shell, and further implies
σˆ(uidj → ℓ+1 ℓ+2 qq′) ≈ σˆ(uidj → ℓ+1 ℓ+2 W−)×BR(W → qq′), (5.27)
where BR(X → Y ) is the branching fraction of X going into Y . Since BR(W → qq′) is well-known,
our work is reduced to determining the analytical expression for
σˆ(uidj → ℓ+1 ℓ+2 W−). (5.28)
5.3.1 Determination of the Spin-Summed, Polarization-Dependent, Squared Matrix
Element
The usefulness of Feynman rules stems from the ability to assign specific multiplicative factors to
each component of a Feynman diagram. However, Dirac field Feynman rules are dependent on
Wick’s Theorem, which is a statement on field contractions. For Dirac fields, only combinations of
the form ψψ can contract, where as for Majorana fields, ψψ and ψψ are allowed to contract. In
short, Feynman rules for Dirac fermions do not account for all possible Majorana interactions.
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We therefore adopt the Feynman rules developed in Ref. [252] for a two-fold reason. The first
is that the rules for diagram segments not involving Majorana fermions do not change. The second
is that for parts that do involve Majorana fermions, the new Feynman rules reduce to (a) treating
the Majorana fermion like a Dirac fermion and modifying the vertex factor for an ordinary Dirac
fermion with an appropriately placed factor of −1, and/or (b) making a single u ↔ v spinor
substitution. The placement of the additional minus sign and possible spinor substitution is based
on the direction of fermion flow (FF) relative to the traditionally chosen fermion number flow
(FNF). When the fermion flow and fermion number flow are equal, the newer rules simplify to the
usual rules. Computationally, these rules provide a desirable technique that can be automated in
a straight forward manner.
In the present case, we identify the relevant FF as being identical to the lepton number-changing
current. The FF current starts at ℓ1, the charged lepton produced in theW
′ boson decay, and points
anti-parallel to ℓ1’s momentum; the current then continues parallel to the Majorana neutrino’s
momentum; and finally terminates at ℓ2, the charged lepton produced in the N decay, and points
parallel to ℓ2’s momentum. See the curved black arrow in Fig. 32. With this orientation, the FF is
parallel to the FNF at the W ′ℓ1N vertex, and anti-parallel to it at the Nℓ2W vertex. This change
in relative current orientation causes two modifications, the first of which is to the spinor of the
outgoing lepton originating from the Nℓ2W vertex:
vℓ2(p2)→ uℓ2(p2), (5.29)
and accounts explicitly for the change in lepton number. The second modification is to the Nℓ2W
vertex itself and occurs in the following way:
CρNℓ2 =
−ig√
2
Vℓ2Nγ
ρPL → C ′ρNℓ2 = (−1)2
ig√
2
Vℓ2Nγ
ρPR, (5.30)
where g is the SM SU(2)L coupling constant, PR,L ≡ 12(1 ± γ5), and, as defined in Ref. [252], the
primed-vertex convention indicates
Γ′ ≡ CΓTC−1 = ηΓ, (5.31)
where C is the charge conjugation operator and for which
η =


1, Γ ∈ {1, iγ5, γµγ5}
−1, Γ ∈ {γµ, σµν}
. (5.32)
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As a result, we find that the matrix element describing the uidj → ℓ+1 ℓ+2 W−λ scattering process,
for an outgoing SM W− boson with polarization λ, and in the Feynman Gauge, is
iMλ = ε∗λρ(pW ) ·
[
vBjA
µ
jiuAi
]
·
[
u2C
′ρ
Nℓ2
(6pN +mN )Bµ ℓ1Nv1
]
(
sˆ−M2W ′ + iΓW ′MW ′
) (
p2N −m2N + iΓNmN
) , (5.33)
where the vertex terms are given by
Aµji =
1√
2
V CKM
′
ji γ
µ
[
gqRPR + g
q
LPL
]
(5.34)
Bνℓ1N =
1√
2
γν
[
gℓRPRYℓ1N + g
ℓ
LPLV
∗
ℓ1N
]
(5.35)
To be explicit: ε∗λρ(pW ) denotes the outgoing polarization vector of the on-shell W boson with
momentum pW , mass MW , and polarization λ; vBj represents the the spinor v of an initial-state
antiquark of flavor j and momentum pB ; similarly, uAi represents the spinor u of an initial-state
quark of flavor i and momentum pA; u2 denotes the spinor of our final-state antilepton with flavor
ℓ2 and momentum p2; and likewise, v1 denotes the spinor of our final-state antilepton with flavor ℓ1
and momentum p1. The W
′ mass, width, and momentum-squared are respectively given by MW ′ ,
ΓW ′ , and the Mandelstam variable
sˆ = (pA + pB)
2 = (p1 + p2 + pW )
2. (5.36)
The heavy neutrino’s mass, width, and momentum are similarly given by mN , ΓN , and
pN = pA + pB − p1 = pW + p2. (5.37)
After squaring and summing over external spins, diagrams, and colors (NC), but not external
boson polarizations (λ), the polarization-dependant squared amplitude is
∑
|Mλ|2 =
4N2C g
2 |V CKM ′ji |2 |Vℓ2N |2 Tr
[
6pAγσ 6pBγµ
(
gq 2R PR + g
q 2
L PL
)]
23(1 + δℓ1ℓ2)
[(
sˆ−M2W ′
)2
+ (ΓW ′MW ′)
2
] [(
p2N −m2N
)2
+ (ΓNmN )
2
]
×Tr
[
6p1γσ (6pN +mN ) 6ελ 6p2 6ε∗λPR (6pN +mN ) γµ
(
gℓ 2R PR|Yℓ1N |2 + gℓ 2L PL|Vℓ1N |2
)]
(5.38)
=
23N2C g
2 |V CKM ′ji |2 |Vℓ2N |2
(1 + δℓ1ℓ2)
[(
sˆ−M2W ′
)2
+ (ΓW ′MW ′)
2
] [(
p2N −m2N
)2
+ (ΓNmN )
2
]
×
[
|Yℓ1N |2
(
gqRg
ℓ
R
)2
Aλ + |Yℓ1N |2
(
gqLg
ℓ
R
)2
Bλ + |Vℓ1N |2
(
gqLg
ℓ
L
)2
Cλ + |Vℓ1N |2
(
gqRg
ℓ
L
)2
Dλ
]
, (5.39)
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where
Aλ = 2(pA · p1)(pB · pN ) [(pN · p2) + 2(pN · ελ)(ελ · p2)]
− m2N (pA · p1) [(pB · p2) + 2(pB · ελ)(ελ · p2)] , (5.40)
Bλ = 2(pB · p1)(pA · pN ) [(pN · p2) + 2(pN · ελ)(ελ · p2)]
− m2N (pB · p1) [(pA · p2) + 2(pA · ελ)(ελ · p2)] , (5.41)
Cλ = m2N (pA · p1) [(pB · p2) + 2(pB · ελ)(ελ · p2)] , (5.42)
Dλ = m2N (pB · p1) [(pA · p2) + 2(pA · ελ)(ελ · p2)] , (5.43)
and ελ is taken to be real.
The Majorana neutrino’s width, ΓN , is expected to be very small. Therefore, to simplify analytic
integration, we again apply the Narrow Width Approximation such that
1
(p2N −m2N )2 + (ΓNmN )2
≈ π
ΓNmN
δ
(
p2N −m2N
)
. (5.44)
We are motivated to make this additional approximation to highlight and emphasize the analyz-
ing power of the angular distributions. Our reported numerical results do not reflect this extra
stipulation; see Eq. (5.72). Consequentially, the squared and summed amplitude becomes
∑
|Mλ|2 ≈
23πNC g
2 |V CKM ′ji |2 |Vℓ2N |2 δ
(
p2N −m2N
)
(1 + δℓ1ℓ2) (ΓNmN )
[(
sˆ−M2W ′
)2
+ (ΓW ′MW ′)
2
] (5.45)
×
[
|Yℓ1N |2
(
gqRg
ℓ
R
)2
Aλ + |Yℓ1N |2
(
gqLg
ℓ
R
)2
Bλ + |Vℓ1N |2
(
gqLg
ℓ
L
)2
Cλ + |Vℓ1N |2
(
gqRg
ℓ
L
)2
Dλ
]
.
5.3.2 Phase Space Volume Element
We calculate the partonic-level cross section using the usual formula,
dσˆ =
1
2sˆ
1
4N2C
∑
|M|2 · dPSn. (5.46)
Here, the factor of 4N2C comes from averaging over initial-state colors and spins. The factor dPSn
represents the n-body phase space volume element,
dPSn(P ; p1 . . . pn) =
n∏
k=1
d3pk
(2π)32Ek
(2π)4δ4 (P − p1 − · · · − pn) , (5.47)
which can be decomposed using the recursion formula
dPSn(P ; p1, . . . , pn) = dPSn−1(P ; p1, . . . , pn−1,n)× dPS2(pn−1,n; pn−1, pn)×
d p2n−1,n
2π
, (5.48)
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where P =
∑n
m=1 pm and pi,j = pi + pj . In the present case, dPS3 is expressible as
dPS3(pA + pB ; p1, p2, pW ) = dPS2(pA + pB; p1, pN )× dPS2(pN ; p2, pW )× d p
2
N
2π
. (5.49)
Since each dPSk is individually Lorentz invariant, the two phase space elements in Eq. (5.49)
can be evaluated in different reference frames. When dPS2(p1, pN ) is evaluated in the partonic
c.m. frame and dPS2(p2, pW ) in the neutrino rest-frame, the full volume element is found to be
dPS3(pA + pB; p1, p2, pW ) = dΩN
(1− µ˜2N )
2(4π)2
× dΩℓ2
(1− ρ2W )
2(4π)2
× d p
2
N
2π
, (5.50)
with
µ2N =
m2N
sˆ
, µ˜2N =
p2N
sˆ
, ρ2W =
MW
p2N
, (5.51)
and, in the on-shell limit,
µN , µ˜N → xN = mN
MW ′
, ρW → yW = MW
mN
. (5.52)
The solid angle element dΩN is defined as the angle made by N with respect to the direction of
propagation of the initial-state quark in the c.m. frame; dΩℓ2 is defined as the angle made by ℓ
+
2
with respect to the heavy neutrino spin axis in the neutrino’s rest-frame.
5.3.3 Partonic-Level Angular Distributions
The angular distribution of the charged lepton from the neutrino decay is most efficiently determined
by evaluating
∑ |M|2 in the neutrino rest-frame. Like individual dPSk volume elements, |M|2 is
separately Lorentz invariant and thus can be evaluated in its own reference frame.
In order to evaluate Eq. (5.45) in the neutrino rest-frame, we must first rotate and boost the
four-momenta of the initial-state quarks from the c.m. frame. Without the loss of generality, we
assume that the initial-state (anti)quark is originally traveling in the positive (negative) zˆ−axis
and that the ℓ+1 N pair propagate in yˆ − zˆ plane. This allows us to rotate the entire 2→ 2 system
such that the neutrino’s momentum is aligned with the zˆ−axis, and then boost into the neutrino
rest-frame. Since we are applying the NWA and immediately integrating over dp2N , we will take N
to be on-shell. After boosting, our four-momenta are:
pA =
sˆ
4mN
(
(1− cos θN ) + µ2N (1 + cos θN ), 0,−2µN sin θN , µ2N (1 + cos θN )− (1− cos θN )
)
,
pB =
sˆ
4mN
(
(1 + cos θN ) + µ
2
N (1− cos θN ), 0, 2µN sin θN , µ2N (1− cos θN )− (1 + cos θN )
)
,
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pN = (mN , 0, 0, 0), and p1 =
sˆ
2mN
(1− µ2N )(1, 0, 0,−1), (5.53)
where θN represents the polar angle between ~pN and ~pA in the c.m. frame. In the neutrino rest-
frame, the N → ℓ+2 W− decay products’ momenta are
p2 = |~p2| (1, sin θℓ2 cosφℓ2 , sin θℓ2 sinφℓ2 , cos θℓ2) , |~p2| = |~pW | =
mN
2
(1− y2W ),
pW = |~p2|
(
EW
|~p2| ,− sin θℓ2 cosφℓ2 ,− sin θℓ2 sinφℓ2 ,− cos θℓ2
)
, EW =
mN
2
(1 + y2W ), (5.54)
where θℓ2 and φℓ2 are defined with respect to the neutrino spin axis in the c.m. frame. Explicitly,
zˆ = pˆN , where pˆN = ~pN/|~pN | is measured in the c.m. frame, and φℓ2 w.r.t. to the +yˆ axis. This is
consistent with Eq. (5.50). The polarization vectors for the SM W boson are subsequently:
εµ0 (pW ) =
EW
mW
( |~p2|
EW
,− sin θℓ2 cosφℓ2 ,− sin θℓ2 sinφℓ2 ,− cos θℓ2
)
,
εµT1(pW ) = (0,− cos θℓ2 cosφℓ2 ,− cos θℓ2 sinφℓ2 , sin θℓ2) ,
εµT2(pW ) = (0, sinφℓ2 ,− cosφℓ2 , 0) . (5.55)
Here the labels 0, T1, and T2 denote the longitudinal and transverse polarizations of the outgoing
vector boson. After combining Eqs. (5.45), (5.46), (5.50), and integrating over dp2N , as well as
dΩN , for the L-violating process uidj → ℓ+1 N → ℓ+1 ℓ+2 W− with a longitudinally polarized W−
boson the angular distribution is
dσˆ0
dΩℓ2
=
σˆ(W0)
24π
× {4
[
1 +
(
2− µ2N
2 + µ2N
)(
gℓ 2R |Yℓ1N |2 − gℓ 2L |Vℓ1N |2
gℓ 2R |Yℓ1N |2 + gℓ 2L |Vℓ1N |2
)
cos θℓ2
]
− 3π µN(
2 + µ2N
) (gq 2R − gq 2L
gq 2R + g
q 2
L
)
sin θℓ2 cosφℓ2}. (5.56)
Accordingly, for transversely polarized W bosons the angular distributions are
dσˆT1
dΩℓ2
=
dσˆT2
dΩℓ2
=
σˆ(WT )
25π
× {4
[
1−
(
2− µ2N
2 + µ2N
)(
gℓ 2R |Yℓ1N |2 − gℓ 2L |Vℓ1N |2
gℓ 2R |Yℓ1N |2 + gℓ 2L |Vℓ1N |2
)
cos θℓ2
]
+
3π µN(
2 + µ2N
) (gq 2R − gq 2L
gq 2R + g
q 2
L
)
sin θℓ2 cosφℓ2}. (5.57)
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In the preceding lines, we have used the following quantities
σˆ(W0) ≡ σˆ(ud¯→ ℓ+1 N → ℓ+1 ℓ+2 W−0 )
=
g2 |V CKM ′ji |2 |Vℓ2N |2
3NC 210 π2 (1 + δℓ1ℓ2)
(
gq 2R + g
q 2
L
)(
gℓ 2R |Yℓ1N |2 + gℓ 2L |Vℓ1N |2
)
× mN
ΓN
sˆ[
(sˆ−M2W ′)2 + (ΓW ′MW ′)2
](1− µ2N )2(1− y2W )2(2 + µ2N )
(
1
2y2W
)
(5.58)
σˆ(WT ) ≡ σˆ(ud¯→ ℓ+1 N → ℓ+1 ℓ+2 W−T )
= σˆ(W0)× 2y2W (5.59)
Integrating over the azimuthal angle, the polar distributions are calculated to be
dσˆ0
d cos θℓ2
=
σˆ(W0)
2
[
1 +
(
2− µ2N
2 + µ2N
)(
gℓ 2R |Yℓ1N |2 − gℓ 2L |Vℓ1N |2
gℓ 2R |Yℓ1N |2 + gℓ 2L |Vℓ1N |2
)
cos θℓ2
]
(5.60)
and
dσˆT
d cos θℓ2
≡ d(σˆT1 + σˆT1)
d cos θℓ2
=
σˆ(WT )
2
[
1−
(
2− µ2N
2 + µ2N
)(
gℓ 2R |Yℓ1N |2 − gℓ 2L |Vℓ1N |2
gℓ 2R |Yℓ1N |2 + gℓ 2L |Vℓ1N |2
)
cos θℓ2
]
(5.61)
After combining the two, we find that the polarization-summed polar distribution for the full
uidj → ℓ+1 ℓ+2 qq′ process is
dσˆTot.
d cos θℓ2
≡ d(σˆ0 + σˆT )
d cos θℓ2
=
σˆTot.
2
[
1 +
σˆ(W0)− σˆ(WT )
σˆ(W0) + σˆ(WT )
(
2− µ2N
2 + µ2N
)(
gℓ 2R |Yℓ1N |2 − gℓ 2L |Vℓ1N |2
gℓ 2R |Yℓ1N |2 + gℓ 2L |Vℓ1N |2
)
cos θℓ2
]
,(5.62)
where
σˆ(W0)− σˆ(WT )
σˆ(W0) + σˆ(WT )
=
σˆ(W0)− 2y2W σˆ(W0)
σˆ(W0) + 2y
2
W σˆ(W0)
=
1− 2y2W
1 + 2y2W
, (5.63)
and the total partonic-level cross section is
σˆTot. ≡ σˆ(uidj → ℓ+1 ℓ+2 qq′) (5.64)
= (σˆ(W0) + σˆ(WT ))×BR(W → qq′) (5.65)
= σˆ(W0)(1 + 2y
2
W )×BR(W → qq′) (5.66)
=
g2 |V CKM ′ji |2 |Vℓ2N |2
3NC 210 π2 (1 + δℓ1ℓ2)
(
gq 2R + g
q 2
L
)(
gℓ 2R |Yℓ1N |2 + gℓ 2L |Vℓ1N |2
)(mN
ΓN
)
× sˆ (1− y
2
W )
2(1− y2W )2(2 + µ2N )[
(sˆ−M2W ′)2 + (ΓW ′MW ′)2
] (1 + 2y2W
2y2W
)
×BR(W → qq′). (5.67)
Having instead chosen to integrate first over the polar angle before the azimuthal angle, the
polarization-dependent azimuthal distributions for the uidj → ℓ+1 N → ℓ+1 ℓ+2 W− process are
dσˆ0
dφℓ2
=
σˆ(W0)
2π
[
1− 3π
2
16
µN(
2 + µ2N
) (gq 2R − gq 2L
gq 2R + g
q 2
L
)
cosφℓ2
]
, (5.68)
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and
dσˆT
dφℓ2
≡ (dσˆT1 + σˆT2)
dφℓ2
=
σˆ(WT )
2π
[
1 +
3π2
16
µN(
2 + µ2N
) (gq 2R − gq 2L
gq 2R + g
q 2
L
)
cosφℓ2
]
. (5.69)
Similarly, after combining the azimuthal distributions, the total polarization-summed azimuthal
distribution for the full uidj → ℓ+1 ℓ+2 qq′ process is
dσˆTot.
dφℓ2
=
σˆTot.
2π
[
1− 3π
2
16
µN(
2 + µ2N
) ( σˆ(W0)− σˆ(WT )
σˆ(W0) + σˆ(WT )
)(
gq 2R − gq 2L
gq 2R + g
q 2
L
)
cosφℓ2
]
. (5.70)
Under the definition of the azimuthal angle, Φ, in Eq. (5.119), we have Φ = −φℓ2 , and consequen-
tially recover Eq. (5.120):
dσˆTot.
dΦ
=
σˆTot.
2π
[
1− 3π
2
16
µN(
2 + µ2N
) ( σˆ(W0)− σˆ(WT )
σˆ(W0) + σˆ(WT )
)(
gq 2R − gq 2L
gq 2R + g
q 2
L
)
cos Φ
]
. (5.71)
Lastly, were the NWA never applied to N , the differential cross section for the uidj → ℓ+1 ℓ+2W−
process is
dσˆ
dp2N
=
g2 |V CKM ′ji |2 |Vℓ2N |2
3NC 211 π3 M
2
W (1 + δℓ1ℓ2)
(
gq 2R + g
q 2
L
)(
p2Ng
ℓ 2
R |Yℓ1N |2 +m2N |Vℓ1N |2gℓ 2L
)
× sˆ (1− µ˜
2
N )
2(2 + µ˜2N )[
(sˆ−M2W ′)2 + (ΓW ′MW ′)2
] p2N (1− ρ2W )2(1 + 2ρ2W )[
(p2N −m2N )2 + (ΓNmN )2
] , (5.72)
where µ˜2N ≡ p2N/sˆ and ρ2W ≡M2W /p2N .
5.3.4 Partonic-Level Angular Distributions: L-Conserving Case
For comparison, we consider the case where the heavy neutrino decays through the following L-
conserving process:
uidj →W ′ → ℓ+1 N → ℓ+1 ℓ−2 W+. (5.73)
Following the identical arguments specified in the preceding section, the subsequent polarization-
dependent angular distributions are
dσˆ0
dΩℓ2
=
σˆ(W0)
24π
× {4
[
1−
(
2− µ2N
2 + µ2N
)(
gℓ 2R |Yℓ1N |2 − gℓ 2L |Vℓ1N |2
gℓ 2R |Yℓ1N |2 + gℓ 2L |Vℓ1N |2
)
cos θℓ2
]
+
3πµN(
2 + µ2N
) (gq 2R − gq 2L
gq 2R + g
q 2
L
)
sin θℓ2 cosφℓ2}, (5.74)
and
dσˆT1
dΩℓ2
=
dσˆT2
dΩℓ2
=
σˆ(WT )
24π
× {4
[
1 +
(
2− µ2N
2 + µ2N
)(
gℓ 2R |Yℓ1N |2 − gℓ 2L |Vℓ1N |2
gℓ 2R |Yℓ1N |2 + gℓ 2L |Vℓ1N |2
)
cos θℓ2
]
− 3πµN(
2 + µ2N
) (gq 2R − gq 2L
gq 2R + g
q 2
L
)
sin θℓ2 cosφℓ2}. (5.75)
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The polarization-summed distributions for the polar and azimuthal cases are therefore
dσˆTot.
d cos θℓ2
=
σˆTot.
2
[
1−
(
σˆ(W0)− σˆ(WT )
σˆ(W0) + σˆ(WT )
)(
2− µ2N
2 + µ2N
)(
gℓ 2R |Yℓ1N |2 − gℓ 2L |Vℓ1N |2
gℓ 2R |Yℓ1N |2 + gℓ 2L |Vℓ1N |2
)
cos θℓ2
]
, (5.76)
and
dσˆTot.
dΦ
=
σˆTot.
2π
[
1 +
3π2
16
µN(
2 + µ2N
) ( σˆ(W0)− σˆ(WT )
σˆ(W0) + σˆ(WT )
)(
gq 2R − gq 2L
gq 2R + g
q 2
L
)
cos Φ
]
, (5.77)
respectively, where σTot. is still given by Eq.(5.67). Comparison to Eqs. (5.62) and (5.71) demon-
strates that the slopes of the angular distributions differ in sign for the L-violating and L-conserving
cases. Consequentially, adding the L−conserving and L−violating distributions together results in
the quantitative feature
σˆTot. =
dσˆLTot.
d cos θℓ2
+
dσˆ 6LTot.
d cos θℓ2
= π
[
dσˆLTot.
dΦ
+
dσˆ 6LTot.
dΦ
]
, (5.78)
where L (6L) denotes the lepton number-conserving (violating) angular distributions.
5.4 W ′ AND N PRODUCTION AND DECAY AT THE LHC
For the remainder of this analysis, we consider for our various benchmark calculations only the pure
gauge states W ′R and W
′
L, respectively given by Eq. (5.15) and Eq. (5.16), and with SM coupling
strength
gq,ℓR,L = g. (5.79)
More general results can be obtained by simple scaling. Unless explicitly stated otherwise, we take
MW ′ = 3 TeV, mN = 500 GeV, |V CKM ′ud |2 = 1, (5.80)
and use the CTEQ6L1 parton distribution functions (pdfs) [63] for all hadronic-level cross section
calculations. Explicitly, we consider only the ud→W ′ production mode.
Regarding our choice of neutrino mixing parameters, for mixing between L.H. gauge states and
light mass eigenstates, we use the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix with mixing
angles taken from Ref. [136], which includes recent measurements of θ13, and take δCP , α1, α2 = 0.
The bounds from 0νββ decay are quite severe and discourage collider searches for L−violation in
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the electronic channel. However, neutrino mixing between the mu- or tau-flavor state and lightest
heavy mass eigenstate can still be considerably larger in L.H. interactions. Therefore, we use
|VeN |2 = 2.5 × 10−5, |VµN |2 = 1× 10−3, and |VτN |2 = 1× 10−3. (5.81)
These numerical values are in line with Eqs. (5.24), (5.25), and (5.80); and furthermore, mimic the
observed µ − τ symmetry seen in mixing between flavor states and light mass eigenstates. Where
necessary, for mixing between R.H gauge states and light mass eigenstates, we apply the unitarity
condition
3∑
m=1
|Xℓm|2 = 1−
3∑
m=1
|Uℓm|2, for ℓ = e, µ, τ. (5.82)
For mixing between R.H. gauge states and the lightest, heavy mass eigenstate, we apply Eq. (5.14)
and take
|YℓN |2 = 1, for ℓ = e, µ, τ. (5.83)
5.4.1 W ′ Production and Decay
Under our parameterization, the partial widths for W ′ decaying into a pairs of quarks are
Γ(W ′ → q¯q′) = 3|V CKMqq′
′|2(gq 2L + gq 2R )
MW ′
48π
,
Γ(W ′ → tb) = 3|V CKMtb
′|2(gq 2L + gq 2R )
MW ′
48π
(
1− x2t
)2(
1 +
1
2
x2t
)
, (5.84)
where xi = mi/MW ′ , and the factors of three represent color multiplicity. Likewise, the partial
widths of the W ′ decaying to leptons are
Γ(W ′ → ℓνm) =
(
gℓ 2R |Xℓm|2 + gℓ 2L |Uℓm|2
)MW ′
48π
, (5.85)
Γ(W ′ → ℓN) =
(
gℓ 2R |YℓN |2 + gℓ 2L |VℓN |2
)MW ′
48π
(
1− x2N
)2(
1 +
1
2
x2N
)
. (5.86)
Summing over the partial widths, the full widths are found to be
ΓW ′R =
MW ′
32π

4 + (1− x2t )2(2 + x2t ) + (1− x2N )2(2 + x2N )13
τ∑
ℓ=e
|YℓN |2 + 2
3
3,τ∑
m=1,ℓ=e
|Xℓm|2

(5.87)
ΓW ′L =
MW ′
32π

4 + (1− x2t )2(2 + x2t ) + (1− x2N )2(2 + x2N )13
τ∑
ℓ=e
|VℓN |2 + 2
3
3,τ∑
m=1,ℓ=e
|Uℓm|2

 .(5.88)
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Figure 33: (a) The total decay width for W ′R (solid) and W
′
L (dash); (b) the branching ratio of
W ′R,L → Nℓ+, with subsequent W ′R → Nµ+ (dot) and W ′L → Nµ+ (dash-dot) ratios; and the
production cross sections at the (c) 8 and (d) 14 TeV LHC of W ′R (solid), W
′
L (dash), W
′
R → Nℓ+
(dot), and W ′L → Nℓ+ (dash-dot).
As a function of MW ′ , Fig. 33 shows (a) the total W
′ decay width; (b) the branding ratio (BR)
of W ′ → Nℓ, for ℓ = e, µ, τ , defined as the ratio of the partial width to the total W ′ width, Γ′W :
BR(W ′ → ℓN) = Γ(W
′ → ℓN)
ΓW ′
; (5.89)
and the production cross sections for the pure gauge eigenstates W ′R,L, along with pp→ W ′+R,L →
Nℓ+ in (c) 8 TeV and (d) 14 TeV pp collisions.
The production cross section of the W ′ and its subsequent decay to N is calculated in the
usual fashion [252]. The treatment of our full 2 → 4 process, on the other hand, is addressed
164
 (GeV)Nm
210 310
 
(G
eV
)
2 |
Nl
 
|V
Σ/
NΓ
-110
10
310
Total
)0-W+l→(NΓ
)T-W+l→(NΓ
(a)
 (GeV)Nm
210 310
)
-
W
+ l
 
→
B
R
(N
-210
-110
1
)-W+l→BR(N
)0-W+l→BR(N
)T-W+l→BR(N
(b)
Figure 34: As a function of heavy neutrino mass, (a) the total N width and the N → ℓ+W−λ
partial widths, and (b) the combined N → ℓ+W− and individual N → ℓ+W−λ branching ratios for
longitudinal (λ = 0) and transverse (λ = T ) W polarizations.
in Section 5.3. Since the u-quark is more prevalent in the proton than the d-quark, and since
the dominate subprocess of W ′+ (W ′−) production at the LHC is ud¯ → W ′+ (du¯ → W ′−), the
production cross section of W ′+ is greater than theW ′− cross section. In a similar vein, the mixing
between L.H. interaction states and heavy neutrino mass eigenstates is suppressed by |VℓN |2 ∼
O(10−3), whereas the mixing between R.H. interaction states and heavy neutrino mass eigenstates
is proportional to |YℓN |2 ∼ O(1). Consequently, the W ′L → Nℓ branching ratio, and hence the
pp→W ′L → Nℓ cross section, is roughly three orders of magnitude smaller than the W ′R rates.
5.4.2 Heavy Neutrino Decay
A heavy neutrino with mass of a few hundred GeV or more can decay through on-shell SM gauge
and Higgs bosons. The partial widths of the lightest heavy neutrino are
Γ(N → ℓ±W∓0 ) ≡ Γ0 =
g2
64πM2W
|VℓN |2m3N (1− y2W )2
Γ(N → ℓ±W∓T ) ≡ ΓT =
g2
32π
|VℓN |2mN
(
1− y2W
)2
Γ(N → νℓZ) ≡ ΓZ = g
2
64πM2W
|VℓN |2m3N (1− y2Z)2
(
1 + 2y2Z
)
Γ(N → νℓH) ≡ ΓH = g
2
64πM2W
|VℓN |2m3N (1− y2H)2 (5.90)
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Figure 35: The partonic level process for a heavy W ′+ production and decay to like sign leptons
in hadronic collisions.
where W0,T are longitudinally and transversely polarized W ’s, respectively, and yi =Mi/mN . The
decays of the heavy neutrino through a W ′ are not kinematically accessible. The total width is
ΓN =
τ∑
ℓ=e
(2(Γ0 + ΓT ) + ΓZ + ΓH) (5.91)
where the factor of two in front of Γ0,T is from the sum over positively and negatively charged
leptons.
Figure 34(a) shows the total decay width (solid) and the partial decay widths to positively
charged lepton (dashed) normalized to the sum over the mixing matrices. For this plot the mass
of the SM Higgs boson is set to 125 GeV. The normalized width grows dramatically with mass
due to decays into longitudinally polarized W ’s and Z’s and the Higgs boson. Although the width
appears to be large at high neutrino mass, for mixing angles on the order of a percent or less the
width is still narrow.
Also of interest is the branching ratio (BR) of heavy neutrinos into charged leptons:
BR
(
N→ ℓ±W∓) = ∑τℓ=e (Γ0 + ΓT)
ΓTot
(5.92)
Figure 34(b) shows the total BR of the heavy neutrino into positively charged leptons (solid)
and individually the BR into longitudinally (dashed) and transversely (dotted) polarize W ’s as a
function of neutrino mass. The BR’s into negatively charged leptons are the same. As the mass of
the neutrino increases the Z and Higgs decay channels open, hence the branching ratio into charged
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Figure 36: Total cross section of pp → W ′+ → µ+µ+W− times W− → qq¯′ branching ratio versus
heavy neutrino mass at (a) 8 and (b) 14 TeV. Solid (dashed) line corresponds to W ′R (W
′
L) gauge
state.
leptons decreases. Since Γ0 grows more quickly with neutrino mass than ΓT , for mN ≫ MW the
total BR converges to the BR into longitudinally polarized W ’s. Also, at high neutrino masses
Γ0 ≈ ΓH ≈ ΓZ (5.93)
Hence the total width approaches 4Γ0 and, from Eq. (5.92), the branching ratio into a positively
charged leptons is approximately 0.25. This is a manifestation of the Goldstone Equivalence The-
orem when taking mN and VℓN as independent parameters.
5.5 LIKE-SIGN DILEPTON SIGNATURE
A distinctive feature of Majorana neutrinos is that they facilitate L-violating processes, and to
study this behavior at the LHC we consider the L-violating cascade
u(pA) d¯(pB)→W ′+R,L(q)→ ℓ+1 (p1) N(pN )→ ℓ+1 (p1) ℓ+2 (p2) q(p3) q¯′(p4). (5.94)
The two diagrams that contribute to this process are shown in Fig. 35. Figure 36 shows the total
production cross section for the like-sign dimuon process as a function of mN . In it, the solid line
denotes the pure W ′R gauge state while the dashed line represents the pure W
′
L state. Since the
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W ′R → Nµ branching ratio is larger thanW ′L → Nµ ratio, the cross section forW ′R is systematically
larger than for W ′L. Additionally, as the neutrino mass approaches the W
′ mass the cross section
drops precipitously due to phase space suppression.
In principle, the conjugate process, u¯d → W ′−, should also be possible at the LHC. However,
it will possess a much smaller production rate because the u¯d initial-state has a smaller parton
luminosity than ud¯. Despite this, all reconstruction methods and observables discussed below are
applicable to both processes.
5.5.1 Event Selection
For simplicity, we restrict our study to like-sign muons. There is no change in the analysis if
extended to electrons; however, E/T requirements must be reassessed for inclusion of unstable
τ ’s [170, 172]. Consequently, our signal consists strictly of two positively charged leptons and
two jets, a fact that allows for considerable background suppression. In simulating this like-sign
leptons plus dijet signal, to make our analysis more realistic, we smear the lepton and jet ener-
gies to emulate real detector resolution effects. These effects are assumed to be Gaussian and
parameterized by
σ(E)
E
=
a√
E
⊕ b, (5.95)
where σ(E)/E is the energy resolution, a is a sampling term, b is a constant term, ⊕ represents
addition in quadrature, and all energies are measured in GeV. For leptons we take a = 5% and
b = 0.55%, and for jets we take a = 100% and b = 5% [253].
After smearing, we define our candidate event as two positively charged leptons and two jets
passing the following basic kinematic and fiducial cuts on the transverse momentum, pT , and
pseudorapidity, η:
pjT ≥ 30 GeV, pℓT ≥ 20 GeV, ηj ≤ 3.0, ηℓ ≤ 2.5. (5.96)
Table 26 lists the cross sections for Eq. (5.94) assuming the pure W ′R,L gauge states at the 8 and
14 TeV LHC without smearing or acceptance cuts (row 1), and with smearing plus acceptance
cuts from Eq. (5.96) (row 2). Here and henceforth, we assume a 100% efficiency for lepton and jet
identification.
The goal of this analysis is to unambiguously determine the properties of W ′ and N . To do
so, our candidate leptons and jets must be well-defined and well-separated, that latter of which is
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Table 26: Cross section for pp→W ′+L,R → µ+µ+qq′ after consecutive cuts for 8 and 14 TeV LHC.
σ(fb)
8 TeV 14 TeV
W ′L W
′
R W
′
L W
′
R
Reco. without Cuts or Smearing 4.6× 10−5 0.046 9.3× 10−4 0.95
+ Smearing + Fiducial + Kinematics (Eq. (5.96)) 4.0× 10−5 0.035 8.2× 10−4 0.71
+ Isolation (Eq. (5.98)) 2.1× 10−5 0.027 3.2× 10−4 0.50
+ 6ET + mjj Requirements (Eq. (5.104)) 1.7× 10−5 0.023 2.6× 10−4 0.42
+ Mass Req. (Eq. (5.105)) 7.2× 10−6 0.012 2.0× 10−4 0.35
σ(All Cuts)/σ(Smearing + Fid. + Kin.) 18% 35% 25% 49%
measured by
∆Rij =
√
(∆φij)2 + (∆ηij)2, (5.97)
where ∆φij and ∆ηij are the difference in the azimuthal angles and rapidities, respectively, of
particles i and j. Subsequently, we apply isolation cuts on our candidate objects:
∆Rminℓj ≥ 0.4, ∆Rjj ≥ 0.3 (5.98)
for all lepton and jet combinations, where ∆Rminℓj is defined as
∆Rminℓj = min
i=W ′,N
∆Rminℓij . (5.99)
In Eq. (5.99), the subscript i =W ′, N on ℓi denotes the identified parent particle of ℓi. The effects
of the isolation cuts applied at both the 8 and 14 TeV LHC are shown in the third row of Table 26.
To understand the origin of these precise numbers and parent-particle identification, we digress to
succinctly connect properties of our chiral Lagrangian to the final-state kinematical distributions.
5.5.2 Characteristics of Kinematical Distributions
Our signal suffers from a very evident ambiguity: either lepton can originate from the neutrino
decay. The origin of each lepton must thus be determined in order to fully reconstruct an event.
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Figure 37: Invariant mass distribution of mℓ1jj and mℓ2jj, where ℓi for i = 1, 2 originates from
either the W ′ or N . Cuts from Eqs. (5.96) and (5.98) as well as the energy smearing are applied.
As noted in section 5.4, the width of N is narrow. Consequently, there is a very small probability
for the phase space of each diagram in Fig. 35 to overlap, meaning that the interference of the
two diagrams is negligible. In fact, in the W ′R case, the interference is exactly zero because the
charged lepton from the N decay is left-handed while the charged lepton from the W ′R is right-
handed. Furthermore, since the two diagrams add incoherently, it is reasonable to expect that
only one diagram contributes at a time. Intuitively, this means that only one of the two following
momentum combinations will closely reconstruct the heavy neutrino mass:
m21jj = (p1 + p3 + p4)
2 or m22jj = (p2 + p3 + p4)
2, (5.100)
where p3 and p4 are the momenta of our final-state jets.
After calculating both permutations of mN (Fig. 37), the appearance of the N mass peak is
stark. Using the central value of the mass peak, mReco.N , we identify the charged lepton from the N
decay as the charged lepton from our candidate event that most closely recovers mReco.N , i.e.,
∆mmin = min
i=1,2
|mijj −mReco.N |, (5.101)
where mijj for i = 1, 2 is defined by Eq. (5.100).
Independent of reconstructing N , the charged lepton associated with the W ′ decay can be
identified by analyzing the transverse momentum, pT , distributions of our final-state objects. In
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Figure 38: Transverse momentum distributions for (a,b) the lepton identified as originating from
the W ′ (dashed) and neutrino (solid), and (c,d) the hardest (dashed) and softest (solid) jets in
pp → W ′ → ℓ+ℓ+jj production. The W ′L case is represented in (a,c) and the W ′R case in (b,d).
The energy smearing has been applied.
Fig. 38, the pT distributions of the charged leptons (a,b) and jets (c,d) for the W
′
L (a,c) and W
′
R
(b,d) gauge states. As expected, the lepton identified as originating from the W ′ has a Jacobian
peak around MW ′/2 for both the W
′
L and W
′
R cases. To understand the other distributions, we
consider spin correlations.
Figure 39 shows the spin correlations of the process in Eq. (5.94) with the single arrowed lines
representing momentum direction and double arrowed lines spin. The direction zˆ is defined as
the direction of motion of the neutrino in the W ′ rest-frame. Each column indicates the spin
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Figure 39: Helicity and spin correlations in the chains NL,R → ℓ+W− → ℓ+qq′ from W ′L decay in
(a), (c); and from W ′R decay in (b), (d). Figures (a) and (b) are for longitudinally polarized SM
W ’s, and Figs. (c) and (d) are for transversely polarized SM W ’s. The decay goes from left to
right as labeled by the particle names. The momenta (single arrow lines) and spins (double arrow
lines) are in the parent rest-frame in the direction of the heavy neutrino’s motion (zˆ) in the W ′
rest-frame.
and momentum of the particles in their parents’ rest-frame with the first column in the neutrino
rest-frame. Note that for the W ′R (W
′
L) the heavy neutrino is in a mostly right-(left-) handed
helicity state. Hence, for the W ′R (W
′
L) the neutrino spin points with (against) the zˆ direction. The
decays of the neutrino through longitudinal W are shown in Fig. 39(a) and 39(b) for W ′L and W
′
R,
respectively, and the decays through a transversely polarized W are shown in Fig. 39(c) for W ′L
and Fig. 39(d) for W ′R.
As shown in Fig. 34, 500 GeV neutrino preferentially decays into longitudinally polarized W ’s.
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Figure 40: (a) ∆Rjj distribution and (b) ∆R
min
ℓj distributions for both the lepton identified as
originating from N and W ′. The solid lines are for the W ′R case and dashed lines W
′
L. Energy
smearing has been applied.
We therefore focus on that case. For the W ′R, the lepton from the heavy neutrino decay moves
preferentially along the zˆ direction. Hence, the boost into the partonic c.m. frame will be along the
charged lepton’s momentum. In the W ′L case, the charged lepton moves in negative zˆ direction and
the boost into the partonic c.m. frame is against the lepton’s momentum. Therefore, the lepton
from the heavy neutrino decay is harder in theW ′R case than in theW
′
L case. The contribution from
decay into transversely polarized W ’s is in the opposite direction. However, as noted previously,
this contribution is smaller than the decays into longitudinally polarized W ’s. Similar arguments
can be made to explain that the two jets are softer in the W ′R case than in the W
′
L case.
As previously stated, identifying well-separated objects in our event is paramount to measuring
our observables. For 14 TeV LHC collisions, Fig. 40 shows (a) the separation between the two jets,
∆Rjj, and (b) the minimum separation between the leptons identifed as originating from the heavy
neutrino and W ′ and the two jets defined by
∆Rminℓij = mink=1,2
∆Rℓijk , (5.102)
where i = W ′ for the lepton coming from the W ′ and i = N for the lepton coming from the
neutrino decay. The solid lines are for W ′R and the dashed lines for W
′
L. The ∆Rjj distributions
peak at low values for both the left- and right-handed cases. This is due to the W from the heavy
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neutrino decay being highly boosted and its decay products therefore collimated. Also, as can be
seen from Fig. 38, in the W ′R case the lepton from the neutrino decay is harder and hence the SM
W softer than in the W ′L case. Since the SM W is less boosted in the right-handed case, the jets
are less collimated and the ∆Rjj distribution has a longer tail for W
′
R than for W
′
L. Also, since
the neutrino is highly boosted, its decay products are expected to land opposite in the transverse
plane from the lepton from W ′ decay. Hence, ∆RminℓW ′j peaks near π for both the the left-handed
and right-handed case. Finally, ∆RminℓN j is peaked near 2mN/EN ≈ 0.7 for both the W ′L and W ′R
cases. The ∆R distributions at the 8 TeV LHC are peaked at similar values, but are more narrow
than the 14 TeV distributions. Based on these arguments, we define the isolation cuts given by
Eq. (5.98).
The isolation cuts more severely affect the W ′L cross section since the ∆Rjj distribution is
strongly peaked at low values for W ′L. As the mass of the W
′ increases, the SM W from the heavy
neutrino decay will become more boosted. Hence, the two jets will become more collimated and
the effects of the isolation cuts will be even more significant. Since we will only be interested in
the angular distributions of the lepton, it is possible to relax the ∆Rjj cut and look for one or two
jets with two like sign leptons. Also, the separation between the lepton and jets from the heavy
neutrino decay depend on the ratio of mN/MW ′ . As mN/MW ′ increases (decreases) the lepton and
jets become more (less) well separated.
5.5.3 Background Reduction and Statistical Significance
The SM background for our ℓ+ℓ+jj signature has been thoroughly studied for the 14 TeV LHC by
Ref. [168]. The largest background to our process was found to be from tt¯ events with the cascade
decays,
t→W+b→ ℓ+νmb, t¯→W−b¯→W−c¯νmℓ+, (5.103)
and was also found to be greatly suppressed by the lepton isolation cuts in Eq. (5.98). The
background can be further suppressed by noting that leptonic tt¯ events contain a final state light
neutrino and therefore a considerable amount of missing transverse energy, E/T . This is in direct
comparison with our signal where all the E/T is due to detector resolution effects. The E/T for
our like-sign leptons + dijet events is shown in Fig. 41 for both the right- (solid) and left-handed
(dashed) W ′ cases. Furthermore, the two jets in our process originate from a SM W whereas the
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Figure 41: Missing energy distribution for pp → W ′+L,R → µ+µ+qq′ at the LHC. Energy smearing
has been applied.
jets in the top background do not. Hence E/T and dijet invariant mass, mjj, cuts are also applied:
E/T < 30 GeV, 60 GeV < mjj < 100 GeV. (5.104)
The effect of these cuts on the signal rate are seen in the fourth line of Table 26.
Having obtained a measurement ofmN from Eq. (5.100) andMW ′ from theW
′’s Jacobian peak,
if desired, invariant mass cuts on mℓN jj and sˆ can be imposed to further isolate the signal:
|mℓN jj −mN | ≤ 0.1 mN and |sˆ −MW ′ | ≤ 0.1 MW ′ . (5.105)
The effects of these cuts are shown in the fifth line of Table 26.
As
√
s increases from 8 TeV to 14 TeV, the percentage of events passing the selection cuts
also increases. See the final line of Table 26. In particular, we note that relatively fewer events
are failing the cuts imposed on the reconstructed masses [Eq. (5.105)]. To understand this effect,
consider that increasing the c.m. energy also enlarges the phase space. Consequently, our internal
propagators are more likely to be on-shell.
The contribution from the irreducible background for our ℓ±ℓ±jj signal,
pp→W±W±W∓, pp→W±W±jj, pp→ tt (5.106)
events and
pp→ jjZZ, pp→ jjZW, (5.107)
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Figure 42: Integrated luminosity needed at 14 TeV LHC for (a) achievable statistical significance for
W ′R with MW ′ = 3 TeV and mN = 500 GeV, and (b) reachable W
′
R mass at 3σ and 5σ sensitivity.
wherein leptons from the Z boson escape from a detector, are estimated [168] to be at most
σ = 0.08 fb using a comparable list of selection cuts. However, this previous analysis does not
impose any restriction on the invariant mass of the system as done in Eq. (5.105), and therefore,
realistically, the background will be much less than 0.08 fb. In either case, our W ′R signal is clearly
above background. Using σ = 0.08 fb as an estimation for our background, we calculate the
significance and reachability of our W ′R signal at the 14 TeV LHC as shown in Fig. 42. With 100
fb−1 integrated luminosity, a W ′R signal via the lepton-number violating process can be observed
at a 5σ level up to a mass of 3 TeV. As evident, the required integrated luminosity for a discovery
at the LHC grows rapidly with increasing MW ′
R
. This is expected if we again consider that the W
boson becomes increasingly boosted as MW ′R grows. A more boosted W leads to more collimated
jets, which have more difficulty passing the isolation cuts [Eq. (5.98)] than their less collimated
counterparts.
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Figure 43: Spin correlations for qq¯′ → W ′ → Nℓ+ for (a) left-handed and (b) right-handed cou-
plings. Single arrow lines represent momentum directions and double arrow lines represent spin
directions.
5.6 W ′ CHIRAL COUPLINGS FROM ANGULAR CORRELATIONS AT THE
LHC
Once a new gauge bosonW ′ is observed at the LHC, it is of fundamental importance to determined
the nature of its coupling to the SM fermions. Here, we identify various kinematical quantities
that depend on the chiral couplings of the fermions to a W ′. Each quantity will have a different
dependence on the W ′ chiral couplings and so will provide independent measurements of the chiral
couplings.
5.6.1 W ′ Chiral Couplings To Leptons
Figure 43 shows the spin correlations for the process qq¯′ →W ′ → Nℓ+ in the partonic c.m. frame for
both the (a) left-handed and (b) right-handed cases. Double arrowed lines represent spin and single
arrowed lines momentum. As it is well-known, although the preferred charged lepton momentum
direction leads to a clear distribution of parity violation, it cannot reveal more detailed nature of
the chiral coupling. On the other hand, the nature of the W ′ leptonic chiral couplings is encoded
in polarization of the heavy neutrino, i.e., in the W ′R (W
′
L) case the heavy neutrino is preferentially
right-handed (left-handed). Hence, if the polarization of the neutrino can be determined, the left-
handed and right-handed cases can be distinguished. Spin observables such as 〈sˆN · aˆ〉, where sN
is the spin of the heavy neutrino and aˆ is an arbitrary spin quantization axis, are sensitive to the
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polarization of the heavy neutrino. Defining the angle θ∗ between the aˆ and the direction of motion
of the charged lepton originating from the heavy neutrino decay, pˆℓ2 , the angular distribution of
the partial width of the neutrino decaying into a charged lepton and two jets is [254]
1
Γ
dΓ
d cos θ∗
(N → ℓ±jj) = 1
2
(
1 + 2 Aℓ
±
cos θ∗
)
, (5.108)
where Aℓ
+
= −Aℓ− ≡ A due to the CP invariance. The coefficient A is related to 〈sˆN · aˆ〉 and
is the forward-backward asymmetry of the charged lepton with respect to the direction aˆ. We
will refer to A as the analyzing power. The angular distribution of either of the two jets from
the neutrino decay will also have a similar linear form and may be used to perform this analysis,
although uncertainties in jet measurements may cause more complications.
A highly boosted neutrino from a heavy W ′ decay will be produced mostly in a helicity state;
hence, it is natural to choose aˆ = pˆN , the direction of motion of the neutrino in the partonic
c.m. frame, and measure pˆℓ2 in the neutrino rest-frame. At the partonic level, the angular distribu-
tion of the lepton from neutrino decay in the reconstructible neutrino rest-frame is (See App. 5.3)
dσˆ(ud¯→ ℓ+1 ℓ+2 W−)
d cos θℓ2
= (5.109)
σˆTot.
2
[
1 +
(
σˆ(W0)− σˆ(WT )
σˆ(W0) + σˆ(WT )
)(
2− µ2N
2 + µ2N
)(
gℓ 2R |Yℓ1N |2 − gℓ 2L |Vℓ1N |2
gℓ 2R |Yℓ1N |2 + gℓ 2L |Vℓ1N |2
)
cos θℓ2
]
.
Here σˆ(W0) and σˆ(WT ) are the partonic level ud→ W ′+ → ℓ+1 ℓ+2 W−λ cross sections withN decaying
into longitudinally (λ = 0) and transversely (λ = T ) polarized W ’s, respectively. They are given
by
σˆ(W0) ≡ σˆ(ud¯→ ℓ+1 N → ℓ+1 ℓ+2 W−0 ) (5.110)
=
1
9
1
210
g2
π2
|V CKM ′ud |2|Vℓ2N |2
(1 + δℓ1ℓ2)
(
gq 2R + g
q 2
L
)(
gℓ 2R |Yℓ1N |2 + gℓ 2L |Vℓ1N |2
)(mN
ΓN
)
× sˆ[
(sˆ−M2W ′)2 + (ΓW ′MW ′)2
](1− y2W )2(1− µ2N )2(2 + µ2N )
(
1
2y2W
)
(5.111)
σˆ(WT ) ≡ σˆ(ud¯→ ℓ+1 N → ℓ+1 ℓ+2 W−T ) (5.112)
= σˆ(W0)× 2y2W . (5.113)
where µN = mN/
√
sˆ, yW = MW /mN , and σˆTot. = (σˆ(W0) + σˆ(WT )) × BR(W → qq¯′) is the total
partonic cross section. AsW ′ comes on-shell, µN → xN . In this reference frame, θ∗ from Eq. (5.108)
satisfies
cos θ∗ = cos θℓ2 ≡ pˆℓ2 · pˆN , (5.114)
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where, again, pˆℓ2 is measured in the neutrino rest-frame and pˆN is measured in the partonic c.m.
frame.
For an on-shell W ′, the analyzing power at the partonic and hadronic level are the same. In
such a case, after comparing Eqs. (5.108) and (5.109), we find that the analyzing power is
A =
1
2
(
σˆ(W0)− σˆ(WT )
σˆ(W0) + σˆ(WT )
)(
2− x2N
2 + x2N
)(
gℓ 2R |Yℓ1N |2 − gℓ 2L |Vℓ1N |2
gℓ 2R |Yℓ1N |2 + gℓ 2L |Vℓ1N |2
)
=
1
2
(
1− 2y2W
1 + 2y2W
)(
2− x2N
2 + x2N
)(
gℓ 2R |Yℓ1N |2 − gℓ 2L |Vℓ1N |2
gℓ 2R |Yℓ1N |2 + gℓ 2L |Vℓ1N |2
)
. (5.115)
The different signs for the analyzing power between the neutrino decays to the two different W
polarizations and between the W ′L,R cases can be understood via the spin correlation in Fig. 39.
For the W ′R case, a heavy neutrino decaying to a longitudinal (transverse) W will have the charged
lepton preferentially moving with (against) pˆN . For the W
′
L case the helicity of the neutrino, and
therefore the direction of the charged lepton, is reversed. Hence the analyzing power is proportional
to (σˆ(W0)− σˆ(WT ))(gℓ 2R |Yℓ1N |2 − gℓ 2L |Vℓ1N |2).
In the analysis of Fig. 39, the left- and right-chiral neutrinos at the W ′ → Nℓ+ vertex are
approximated as the left-handed and right-handed helicity states in the partonic c.m. frame. As
the neutrino becomes more massive relative to the W ′, the approximation of the chiral basis by the
helicity basis begins to break down, i.e., the left- (right-) helicity state makes a larger contribution
to the right- (left-) chiral state. In Eq. (5.109), this is reflected by the cos θℓ2 (cos θℓ for simplicity)
coefficient
2− x2N
2 + x2N
=
2M2W ′ −m2N
2M2W ′ +m
2
N
. (5.116)
As xN increases, the distribution flattens due to the right-handed (left-handed) neutrino helicity
state, thereby making a larger contribution to the W ′L (W
′
R) distributions.
Figure 44 shows the hadronic level angular distribution of the lepton in the neutrino’s rest-
frame for both W ′L and W
′
R at the LHC. The case without smearing or cuts is shown in Fig. 44(a),
and contains both the analytical results (dashed line) and Monte Carlo simulation (solid line)
histograms. As can be clearly seen, the analytical and numerical results are in good agreement.
Figure 44(b) shows the leptonic angular distribution after energy smearing and cuts in Eqs. (5.96),
(5.98), (5.104), and (5.105). Notice that there is a small depletion of events for cos θℓ ≈ 1 and a
large depletion when cos θℓ < 0. First, when cos θℓ ≈ 1 the charged lepton is moving with and the
jets against the direction of motion of the neutrino in the partonic c.m. frame. Hence, with boost
back to the partonic c.m. frame, the jets are softest at this point and the jet pT cuts in Eq. (5.96)
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Figure 44: The angular distribution of the charged lepton originating from neutrino decay in the
heavy neutrino rest-frame with respect to the neutrino moving direction in the partonic c.m. frame
at the LHC with MW ′ , mN set by Eq. (5.80). Distribution (a) without smearing or cuts, (b) with
energy smearing and cuts in Eqs. (5.96), (5.98), (5.104), and (5.105) , and (c) with all cuts applied
to (b) except the ∆Rjj cuts in Eq. (5.98). The solid lines are for the Monte Carlo simulation results
and in (a) and (c) the dashed lines are for the analytical result in Eq. (5.109).
lead to a depletion of event in this region. When cos θℓ < 0, the lepton is moving against and
the SM W is moving with the neutrino’s direction of motion. Hence, with the boost back to the
partonic c.m. frame, the W is boosted and its decay products highly collimated. Consequently,
the ∆Rjj cuts in Eq. (5.98) lead to a large depletion of events. Figure 44(c) shows lepton angular
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distribution with the same cuts as Fig. 44(b) except the ∆Rjj cuts. For comparison, both the
Monte Carlo simulation with cuts (solid) and analytical results without cuts (dashed) are shown.
It is clear that the discriminating power of the lepton angular distribution would increases and the
Monte Carlo distribution approaches the analytical results if the jet isolation cuts are relaxed.
The analyzing power in Eq. (5.115) can additionally be related to the forward backward asym-
metry
A = σ(cos θℓ ≥ 0)− σ(cos θℓ < 0)
σ(cos θℓ ≥ 0) + σ(cos θℓ < 0) . (5.117)
Without cuts or smearing, A = A; and for the values of mN , MW ′ stipulated in Eq. (5.80),
A =

+0.43, W
′ =W ′R
−0.43, W ′ =W ′L
. (5.118)
The simulated values for the forward backward asymmetry with consecutive cuts are shown in
Table 27. Again, simulations are in good agreement with the theoretical prediction for the forward
backward asymmetry for no smearing or cuts. As the cuts become more severe, the simulated and
theoretical values deviate more, however the W ′L and W
′
R cases can still be distinguished clearly.
Furthermore, as shown in the final row, if the ∆Rjj cuts in Eq. (5.98) are relaxed, the discriminating
power of the asymmetry is greatly increased, and the theory and simulation are in much better
agreement.
5.6.2 W ′ Chiral Couplings to Initial-State Quarks
Thus far, we have only presented the results to test the chiral coupling of W ′ to the final state
leptons. It is equally important to examine its couplings to the initial state quarks. Define an
azimuthal angle
cosΦ =
pˆN × ~pℓ2
|pˆN × ~pℓ2 |
· pˆN × ~pq|pˆN × ~pq| , (5.119)
as the angle between the qq′ → Nℓ+1 production plane and N → W−ℓ+2 decay plane in the neutrino
rest-frame, where ~pℓ2 is the three momentum of ℓ2, the charged lepton identified as originating from
the neutrino; pˆN is the direction of motion of the neutrino in the partonic c.m. frame; and ~pq is the
initial-state quark momentum. The definition of Φ is invariant under boosts along pˆN , hence the
quark and charged lepton momenta can be evaluated either in the partonic c.m. or the neutrino
rest-frame. The angular distribution between the two planes is thus calculated to be
dσˆ
dΦ
=
σTot.
2π
[
1 +
3π2
16
µN
2 + µ2N
(
σˆ(W0)− σˆ(WT )
σˆ(W0) + σˆ(WT )
)(
gq 2R − gq 2L
gq 2R + g
q 2
L
)
cos Φ
]
. (5.120)
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Table 27: Forward-backward asymmetry for pp → W ′+L,R → µ+µ+qq′ with consecutive cuts at 8
and 14 TeV LHC. The last row has the same cuts applied as the previous row with the removal of
the ∆Rjj cuts in Eq. (5.98).
A
8 TeV 14 TeV
W ′L W
′
R W
′
L W
′
R
Reco. without Cuts or Smearing −0.42 0.42 −0.43 0.43
+ Smearing + Fiducial + Kinematics (Eq. (5.96)) −0.46 0.33 −0.47 0.34
+ Isolation (Eq. (5.98)) −0.11 0.59 0.083 0.72
+ 6ET + mjj Requirements (Eq. (5.104)) −0.078 0.62 0.11 0.75
+ Mass Reco. (Eq. (5.105)) 0.16 0.77 0.18 0.77
−∆Rjj −0.34 0.49 −0.34 0.49
The distribution forW ′L is 180
◦ out of phase with theW ′R distribution and the slope only depends on
the W ′ chiral coupling to the initial-state quarks. Hence, the phase of this distribution determines
the chirality of the initial-state quarks couplings to the W ′ independently of the leptonic chiral
couplings to the W ′.
To understand the distribution in Eq. (5.120), we consider the spin correlations between the
initial and final states. As noted previously, the angle Φ is invariant under the boosts along pˆN . So
for simplicity, we consider the spin correlations in the heavy neutrino rest-frame. Figure 45 shows
the spin correlations of the neutrino production in the neutrino’s rest-frame for both the (a) W ′L
and (b) W ′R cases. Like before, single arrowed lines represent momentum directions and double
arrowed lines spin in the helicity basis. Also, we define the production plane to be oriented in the
yˆ − zˆ plane such that the yˆ-component of the quark momentum always points along the positive
yˆ-axis and that zˆ = pˆN . With this axis convention, Φ = −φℓ2 , where φℓ2 is the azimuthal angle of
ℓ2 as measured from the positive yˆ−axis.
Figure 46 shows the spin correlations for the heavy neutrino production and decay with the
spin quantization axis chosen to be the yˆ direction as defined above. The W ′L case is shown in
Figs. 46(a,c) and theW ′R case in (b,d). The solid dots next to the N and ℓ1 indicate that they have
no momentum in the yˆ-direction. In the W ′R case, the initial-state quark must be right-handed
182
Nℓ+1 q
q¯′
yˆ
zˆ
W ′L
(a)
N
ℓ+1 q
q¯′
yˆ
zˆ
W ′R
(b)
Figure 45: Spin correlations for neutrino production in the neutrino rest-frame. Single arrowed
lines represent momentum and double arrowed lines represent spin in the helicity basis. The zˆ-axis
is defined to be the neutrino’s direction of motion in the partonic c.m. frame and the yˆ-axis is
defined such that y-component of the initial-state quark momentum is always positive.
and the initial-state antiquark left-handed. Hence, the total spin of the initial-state points in the
positive yˆ-direction, causing the spin of the neutrino to also point in the positive yˆ−direction.
When the neutrino decays to a longitudinal or transverse W , the lepton from the neutrino decay
has spin along or against the yˆ-axis, respectively. For the W ′R case, figures 46(b) and (d) show the
decay into longitudinal and transverse W ’s, respectively. Therefore, for the decay into W0 (WT )
case, the lepton prefers to move in the same (opposite) direction as the initial-state quark and Φ
peaks at 0 (±π). In the W ′L case, the direction of motion of ℓ2 relative to the direction of motion
of the initial-state quark is reversed and the peaks in the Φ distribution are shifted by π. This
explains the 180◦ phase difference in the angular distribution, Eq. (5.120), between the W ′L and
W ′R cases, and between the neutrino decay to W0 and WT . Also, notice that this argument only
relies on the W ′ − q − q′ coupling and not the W ′ −N − ℓ chiral couplings. Hence, measuring the
distribution of the angle between the qq′ → Nℓ1 production and the N → ℓ2+W− decay planes
can determine the chiral couplings of a W ′ to light quarks independently from the chiral couplings
of the W ′ to leptons.
Most of the angular definition and analysis depend on the initial state quark momentum direc-
tion. Since the LHC is a symmetric pp machine, this is not known a priori. However, at the LHC
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Figure 46: Spin correlations in the neutrino rest-frame as described in Fig. 45. Double arrowed
lines represent spin with yˆ being the quantization axis and single arrowed lines are the yˆ component
of the particles.
u and d quarks are valence and antiquarks are sea. Hence, the initial-state quark generally has
a larger momentum fraction than the initial-state antiquark; and the initial-state quark direction
can be identified as the direction of motion of the fully reconstructed partonic c.m. frame. Similar
techniques have been used for studying forward-backward asymmetries associated with new heavy
gauge bosons [234,255].
Figure 47 shows the Φ distributions at the 14 TeV LHC withM ′W = 3 TeV for bothW
′
L andW
′
R.
From Eq. (5.120), the amplitude of the Φ distribution depends on the ratio mN/M
′
W , and therefore
increase mN to 1.5 TeV. The solid line is the Φ distribution with the initial state quark moving
direction identified as the partonic c.m. frame boost direction; the dashed lines is the theoretical
distribution given in Eq. (5.120); and in (a) the dash-dot lines are the Monte Carlo truth, i.e. using
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Figure 47: Φ distributions at the 14 TeV LHC with M ′W = 3 TeV and mN = 1.5 TeV for fully
reconstructed events (solid), the analytical result in Eq. (5.120) (dashed), and Monte Carlo truth
(dash-dot). Figure (a) is without energy smearing or cuts, (b) with energy smearing and cuts in
Eqs. (5.96), (5.98), (5.104), and (5.105), and (c) with the same cuts as (b) without the ∆Rjj cut
in Eq. (5.98).
the known direction of the initial-state quark.
Figure 47(a) does not include cuts or smearing; as can be seen, the Monte Carlo truth and
theoretical calculation agree very well. The reconstructed distribution has a smaller amplitude
than the theoretical distribution due to the direction of the initial-state quark being misidentified.
Figure 47(b) shows the theoretical prediction and reconstructed distribution with smearing and
the cuts in Eqs. (5.96,5.98,5.104,5.105) applied. For Φ = 0, the SM W is maximally boosted and
its decay products are maximally collimated. Consequently, the ∆Rjj cut in Eq. (5.98) causes a
large depletion of events in the central region. Figure 47(c) shows the reconstructed distribution
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with the same cuts as (b) minus the ∆Rjj cut. With the relaxation of this cut, the W
′
L and W
′
R
cases become reasonably discernible with the W ′L distribution nearly the same as the theoretical
prediction. The continued depletion of events at Φ = 0 and Φ = ±π are due to the rapidity cuts
on leptons and jets, respectively.
5.7 UNLIKE-SIGN DILEPTON ANGULAR DISTRIBUTIONS
Intrinsically, Majorana neutrinos can decay to positively or negatively charged leptons, and there-
fore also contribute to the L-conserving process
pp→W ′ → ℓ+1 ℓ−2 jj. (5.121)
These events can be reconstructed similarly to the method described in Section 5.5. However, the
SM backgrounds for this process, particularly pp→ Zjj, will be larger. Our purpose here is not to
do a full signal versus backgrounds study, but to comment on the differences between the like-sign
and unlike-sign lepton cases. Again, ud¯ has a larger parton luminosity than du¯, so we focus only
on W ′+ production:
pp→W ′+ → Nℓ+1 → ℓ+1 ℓ−2 jj (5.122)
5.7.1 W ′ Chiral Coupling from Angular Distributions
For the unlike-sign case, we mimic our entire like-sign analysis and reconstruct the polar angu-
lar distribution of the lepton originating from neutrino decay in the heavy neutrino rest-frame
(App. 5.3.4). Respectively, the polar and azimuthal distributions are similar to those in Eqs. (5.109)
and (5.120) up to a opposite sign in front of the angular dependence.
dσˆ
d cos θℓ2
=
σˆTot.
2
[
1−
(
σˆ(W0)− σˆ(WT )
σˆ(W0) + σˆ(WT )
)(
2− µ2N
2 + µ2N
)(
gℓ 2R |Yℓ1N |2 − gℓ 2L |Vℓ1N |2
gℓ 2R |Yℓ1N |2 + gℓ 2L |Vℓ1N |2
)
cos θℓ2
]
,
(5.123)
dσˆ
dΦ
=
σˆTot.
2π
[
1− 3π
2
16
µN
2 + µ2N
(
σˆ(W0)− σˆ(WT )
σˆ(W0) + σˆ(WT )
)(
gq 2R − gq 2L
gq 2R + g
q 2
L
)
cos Φ
]
. (5.124)
Figure 48 shows the Φ distributions for the unlike-sign process and follows the identical procedure
as for the like-sign case. The solid line is the Φ distribution with the initial-state quark propagation
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Figure 48: For the opposite sign lepton case, the angular distribution of the charged lepton origi-
nating from neutrino decay in the heavy neutrino rest-frame with respect to the neutrino moving
direction in the partonic c.m. frame at the LHC with MW ′ , mN set by Eq. (5.80). Distribution (a)
without smearing or cuts, (b) with energy smearing and cuts in Eqs. (5.96), (5.98), (5.104), and
(5.105) , and (c) with all cuts applied to (b) except the ∆Rjj cuts in Eq. (5.98). The solid lines
are for the Monte Carlo simulation results and in (a) and (c) the dashed lines are for the analytical
result in Eq. (5.109).
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direction identified as the partonic c.m. frame boost direction; the dashed lines are the theoretical
distributions given by Eq. (5.124); and in (a) the dashed-dotted lines are the Monte Carlo truth, i.e.,
using the known direction of the initial-state quark. Figure 48(a) does not include cuts or smearing.
Figure 48(b) shows the theoretical prediction and reconstructed distribution with smearing and
cuts in Eqs. (5.96), (5.98), (5.104), and (5.105) applied. Figure 48(c) shows the reconstructed
distribution with the same cuts as 48(b) minus the ∆Rjj isolation cut.
To understand why the sign of the slope for the L-conserving distributions differ from the
L-violating distributions, we turn to spin correlations. For W ′+, the spin correlations for ud¯ →
W ′+ → Nℓ+ are shown in Fig. 43 without yet specifying N ’s decay. However, we only need to
analyze the angular correlation in the neutrino decay. The spin correlations are simply obtained by
replacing the right-handed antilepton in Fig. 39 with a left-handed lepton. Since the direction of
the spin of the lepton is completely determined by the neutrino spin, which is unchanged between
the two cases, the effect of the helicity flip is to reverse the direction of the final state lepton
momentum relative to the zˆ direction. Therefore, the slopes of the lepton angular distribution are
opposite for the like-sign and unlike-sign lepton cases. These same arguments can be made to show
that the phases of the Φ distribution in Eqs. (5.120) and (5.124) differ by 180◦.
The analysis of the two cases also reveals that, unlike the angular distributions, the total
cross section is independent of having like-sign or unlike-sign leptons in the final state. This may
be understood by recognizing that the difference between the two final states is tantamount to
a charge conjugation. Having integrated out the angular dependence, the total cross section is
invariant under parity inversion. Consequently, by CP-invariance, the total rate is invariant under
charge conjugation. This behavior is evident in Eq. (5.90) and Fig. 34, which show that N decays
to ℓ+W− and ℓ−W+ equally.
5.8 SUMMARY
The nature of the neutrino mass remains one of most profound puzzles in particle physics. The
possibility of its being Majorana-like is an extremely interesting aspect since it may have far-
reaching consequences in particle physics, nuclear physics and cosmology.
Given the outstanding performance of the LHC, we are motivated to study the observability
for a heavy Majorana neutrino N along with a new charged gauge boson W ′ at the LHC. We first
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parameterized their couplings in a model-independent approach in Section 5.2 and presented the
current constraints on the mass and coupling parameters.
We studied the production and decay ofW ′ and N at the LHC, and optimized the observability
of the like-sign dilepton signal over the SM backgrounds. We emphasized the complementarity of
these two particles by exploiting the characteristic kinematical distributions resulting from spin-
correlations to unambiguously determine their properties. Our phenomenological results can be
summarized as follows.
1. The heavy neutrino is likely to have a large R.H. component and thus the W ′R would likely
yield a larger signal rate than that for W ′L, governed by the mixing parameters as discussed
in Section 5.2. Under these assumptions, we found that at the 14 TeV LHC a 5σ signal, via
the clean channels ℓ±ℓ±jj, may be reached for MW ′R = 3 TeV (4 TeV) with 90 fb
−1 (1 ab−1)
integrated luminosity, as seen in Fig. 42.
2. The chiral coupling of W ′ to the leptons can be inferred by the polar angle distribution of the
leptons in the reconstructed neutrino frame, as seen in Fig. 44, owing to the spin correlation
from the intermediate state N .
3. The chiral coupling of W ′ to the initial state quarks can be inferred by the azimuthal angular
distribution of the neutrino production and decay planes, as seen in Fig. 47.
4. The kinematical distributions for the like-sign and unlike-sign cases have been found to be quite
sensitive to spin correlations and are complementary. In particular, the angular distributions
differ by a minus sign and provide qualitative differences for a Majorana and a Dirac N . Thus
in addition to observing final states that violate lepton-number, comparison of the two scenarios
provides a means to differentiate the Majorana nature of N .
Overall, if the LHC serves as a discovery machine for a new gauge bosonW ′, then its properties
and much rich physics will await to be explored. Perhaps a Majorana nature of a heavy neutrino
may be first established associated with W ′ physics.
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